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Abstract

A novel composite block backward differentiation formula of order four, known as CBBDF(4),
has been developed to effectively solve stiff differential equations. This self-starting method
approximates solutions by evaluating two points simultaneously at each integration step, in-
corporating two intermediate points among the interpolating values. The CBBDF(4) scheme is
structured through three sub-steps: in the first and second stages, Euler’s method computes the
intermediate values, setting up the third stage for applying the CBBDF(4) method. The derived
method has been established to be convergent and A—stable, making it well-suited for solving
stiff problems. To validate the method’s accuracy and efficiency, several stiff initial value prob-
lems are solved using various step sizes. The numerical results are compared with the existing
method in terms of maximum error, average error and computational time. Comparative anal-
ysis indicates that the new composite block method is not only practical but also successful in
delivering reliable results.
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1 Introduction

Mathematical models play an essential role in describing and understanding phenomena across
various scientific disciplines, including physics [27], chemistry [24], and biology [20]. Many of
these models are formulated as initial value problems (IVPs), which involve solving systems of or-
dinary differential equations (ODEs). Specifically, a system of m first-order ODEs with specified
initial conditions can be written in the general form,

Y =F(@Y), Y(@=n a<e<b, (1)
where

T T T
Y:[ylay27"'aym] 5 FZ[flaf??"'afm] 5 77:[771’7727"'777771} .

There is an important type of differential equations, which is the class of stiff differential equations.
Stiffness in ODEs is characterized by the presence of rapidly varying solutions that can lead to
numerical instability if inappropriate numerical methods or step sizes are used [4]. A system is
defined as stiff when the step size required for stability is significantly smaller than that needed for
accuracy, often due to components in the system that decay at different rates [1, 18]. Stiff systems
typically include terms that induce rapid changes in the solution, which can be mathematically
described using the eigenvalues of the system’s Jacobian matrix. A large ratio between the largest
and smallest eigenvalues indicates greater stiffness [11, 16].

Standard explicit numerical methods often fail to produce stable solutions for stiff differential
equations unless extremely small time steps are employed. This instability arises because small
errors can grow exponentially, leading to divergent solutions. Therefore, the choice of numerical
methods significantly affects the ability to solve stiff ODEs. Implicit methods are generally more
suitable for stiff problems because of their A—stability properties, which allow for larger step sizes
while maintaining stability [17, 23]. One widely used example of such a method is the backward
differentiation formula (BDF). A different variation of the BDF method is block backward differ-
entiation formula (BBDF) method introduced by Ibrahim et al. [7]. This method allows the si-
multaneous computation of multiple solution values at different points, which improves efficiency
and accuracy in solving stiff problems. This block method not only reduces the total number of
computational steps but also maintains stability and accuracy. Several numerical methods have
been recently proposed for solving (1). Notable among these are the BBDF with an off-step point
[24], the hybrid BBDF [6], the diagonally implicit BBDF [13], the fixed coefficient BBDF [5], the
one-step method with three intermediate points [19], and the hybrid Nystrom method [21]. All
these methods demonstrate commendable accuracy and computational efficiency.

Another well-known extension of the classical BDF method, widely used in nonlinear struc-
tural dynamics, is the class of composite time integration methods, also referred to as multi-sub-
step or multi-stage approaches. These methods involve partitioning each time step into multiple
sub-steps and applying distinct numerical schemes at each stage [22]. These methods attain up
to second-order accuracy by utilizing n sampling points within each time step. However, this in-
creases the dimension of the implicit system by a factor of n compared to the original problem,
leading to significantly higher computational costs [28]. Among the earliest contributions is the
Bathe method [2], which pioneered the n-sub-step composite framework. This method strategi-
cally uses the trapezoidal rule during the initial sub-steps, enabling the effective incorporation of
these results into the final sub-steps through a backward difference scheme. Following the in-
troduction of the Bathe method, various types of composite time integration methods have been
developed to enhance numerical performance using higher order sub-steps [8, 10].
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The TR-BDE2 composite scheme, introduced by Ying et al. [25], combines the trapezoidal
rule with the second-order backward differentiation formula (BDF2) to form a singly diagonally
implicit Runge-Kutta (SDIRK) method. This scheme offers a self-starting, high-order, one-step
alternative to traditional multi-step methods. Building on this, Gao et al. [3] developed two fully
implicit methods for solving bidomain equations: the backward Euler method and the composite
backward differentiation formula (CBDF2). The CBDF2 method integrates backward Euler as a
foundational component with the second-order BDF, ensuring L-stability. This approach enables
the use of larger timesteps, delivering improved accuracy and efficiency compared to backward
Euler, which requires smaller timesteps to maintain stability. More recently, Junaidi et al. [9] pro-
posed a composite method that combines implicit Euler and second-order BDF with interpolation
for solving stiff ODEs, demonstrating improved accuracy relative to the classical BDF. However,
their work focused solely on composite schemes within single-step methods and did not extend to
multi-step block methods for stiff ODEs. To date, few studies have explored the integration of com-
posite techniques within the frameworks of multi-step block methods, which hold potential for
greater accuracy and stability in solving (1). This gap highlights a significant limitation in current
numerical methods for stiff ODEs. Motivated by these insights, the present study aims to derive
the self-starting composite block backward differentiation formula of order four, CBBDF(4), to
solve stiff ODEs with enhanced accuracy and stability. The proposed method not only produces a
block of approximations at two points simultaneously but also converges with larger integration
steps.

This paper is organized as follows. In Section 2, the governing formulations of the CBBDF(4) is
presented. Then, the order of the method and its properties, including convergence and stability,
are discussed in Section 3. The detailed implementation of the method is provided in Section 4.
Numerical simulations for linear and nonlinear of first order stiff IVPs are conducted in Section 5.
Lastly, the conclusions are drawn in Section 6.

2 Formulation of the Method

In this work, the CBBDF(4) scheme is developed through three sequential sub-steps. In the first
and second stages, Euler’s method is utilized to calculate the intermediate points in the previous
block. These calculated points are then used to implement the predictor-corrector method of two-
point CBBDF(4), which has an order of four, in the third stage, as illustrated in Figure 1.

hy, hy, hih(71+7lz) h
n X +1 Al‘n+;/1+;/z ';.n+l -Al‘ng
L J
{ 1 J !
Y Y
Stage 1 and stage 2: Stage 3: CBBDF(4) of order four

Euler’s method

Figure 1: The interpolating points of the CBBDF(4).

The step size for the first point is split into three sub-steps: the intervals, [z, Zp+,],
[Tn4vy1 s Ty +72) AN [Ty 44, 140, Tny1]; in contrast, the second point employs a constant step size
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over the interval [x,,41, Zn+2], Wwhere h denotes the integration step size, and the parameters 7,
and v, serve as independent parameters at the intermediate points ,, 1, and %, 4, 4+,. In the
context of interpolation, the CBBDF(4) method’s strategy involves utilizing intermediate points
within the set of interpolating points. This approach enhances the accuracy and stability of the
solution by considering additional points between the primary interpolation nodes. By incorpo-
rating these intermediate points, the method can better capture the behavior of the underlying
function, leading to more precise interpolations. The composite block scheme to be formulated is
a k-linear multi-sub-step method (LMM) defined as follows,

k—3 k-3
Z Ajyn+j + Ay Untr + Ayt Undy+y. = b Z Bjfntj + By fntm + Byt frdyi 492
j=0 j=0

(2)
The coefficients A;, A,,, Ay, ++,, Bj, By,, and B, ., are constants that satisfy the conditions

Aj_3 # 0 and that not both Ay and By are zero simultaneously. The LMM described in (2) is
classified as explicit when Bj,_3 = 0, and it is considered implicit if By_3 # 0.

The local approximation of CBBDF(4) is obtained using the Lagrange interpolating polyno-
mial, P, (x) of degree k = 5 by considering two intermediate points in the interpolating among the
interpolation nodes. The general expression for the Lagrange interpolating polynomial is given
by,

k-3
Pk (:E) = Z LkJ (ZZ?) Yy (x71/+2—j) + Lk’,’Yl (.CC) Yy (xn-‘r’n) + Lk,’Yl+"/2 (l‘) Yy (xn+’h +’)’2) ) (3)
§=0
whereas
k-3
Lk . (J,‘) = H (ﬂf — J»‘n-‘r2—i) . (Jf — xn—&-'yl) . (.I‘ — J,‘n+,yl+,\/2) and
g (Tny2—j — Tny2—i) (Tnyo—j — Tniy)  (Tad2—j — Tndyidqs)

k-3 T =)
Lk 2) = L n —1
) ) YY1 +72 ( ) (xn+"/1+’Y2 - wn+2*i) ,
0

( — Tnya—i)

i—0 (xn+~/1 - xn+27i

Lk/h (Qf) =

i=

forj=0,...,k—3.

2.1 Derivation of the method for the first and second stages

To calculate the intermediate values ¥4+, and Yy, +~,, the process involves two stages of
interpolation based on the principles of Euler’s method,

Stage 1: Interpolating between points x,, and 2,1, .
Stage 2: Interpolating between points 2,4+, and 4+, 4+, -

The resulting polynomial from these interpolations can be expressed as follows,

Gy (z) = (- xn+71) (x — )

Yn +
(Tn — $n+'y1) (T, — T

)yn+’v1 ’

(4)
Ga (2) = —E = Tnimn) U+ 7 @ = Tnin)

) Yn+~y1+725

(x”"l"‘/l ~ Tndyi+y2 Tntyitys — Tndm
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where G (z) and Gy(x) are the interpolations for the first and second stages, respectively. Replac-
ing x = sh + 2,4, into (4) yields the following results,

(Sh + Tt~y — xn+'y1) + (Sh + Tnt~y, — l'n)

G1 (sh n = !
(shta —Ml) (T — $n+%) " (‘rn+71 — Tp)

Yn+15
(5)
(sh+ Tniy — Tty 440) (sh+ Tniy, — Tgry)

Ga (sh+ - n .
2 (5 xn—&-m) (anrv1 — anr'nJr'yz) Yn+v1 ) Yn+yi+2

(anrn +v2 T Lty

Once the Lagrange basis polynomials in (5) are simplified, differentiating them with respect to s
will lead to

1 1
G (sh+ z, = - () n + () vy
1 ( +71) 7 Y " Yn+y

(6)
, 1 1
G (Sh + xn+’Y1) = - % Yty T 7: Yntyi+y2-

Evaluating (6) at s = —v; and s = 0, respectively; followed by considering hf, = G (x,) and
hfniy = G5 (2n4+,) will produce the Stage 1 and Stage 2 formulas,

Ynd+~v1 = YUn + Y1 hfna
7)

y7l+71+’72 = yn-{-'yl + 72hfn+’yl .

2.2 Derivation of the method for the third stagen

The approximation solutions of y,41 and y,42 are determined using the points x,, 4,
Trty1+v2r Tnt1 and z,40. The Lagrange interpolating polynomial has the form,

P(z) = (z — wnJr’Yl) (z — xn+’Y1+’Y2) (= pt1) (T — Tngo2) .
(zn — xn+'y1) (zn — xn+v1+72) (Tn = Tns1) (Tn — Tnt2)
(x —an) (z - x"+’71+’yz) (x —2pi1) (2 — Tpyo)
($n+wl — Tn) (xn+71 - $n+71+wz) ($n+71 — Tnt1) (anr“u — Tn42
(@ —xn) (£ = Tnisy) (& = Tng1) (T — Tnyo)

+

) yn+’)’1

- (Tntyit7: = Tn) (Tntritre = Tntyn) @ndyidre = Tngl) (@ndydme — xn+2)yn-~_%-~_’Y2
(T = 20) (T = Tngyy) (T — iy 4mn) (T — Tng2)
(Tn+1 = Tn) (Tnt1 — Totry) (Tntl = Tngystys) (Tnt1 — Tny2) Ynt
+ (T = 20) (¥ = Tngyy) (T = iy 4mp) (T — Tg1) Yrn2-
(5177:,+2 - ) (xn+2 xn+’y1) (In+2 — Tn4yq +’Y2) (xn-&-Q - xn+1) (8)
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Substitute & = sh + x4, into (8) yields,

P (sh+ @ni~,)
_ (5h 4 Tagy — Trgm) (h + Tnny — Tnys)
(Tn = Tntryy) (Tn — Tt 4aa)
(Sh t Tty — xn) (Sh T Tntyy — oty +’Yz)

(Sh + T+~ — xn+l) (Sh + Tt~y — mn+2)
Y

(Tn = Tni1) (Tn — Tny2)

(sh+ Tniy, — Tng1) (Sh+ Tnyy, — Tni2)

(

n

- (@ntv = @n) (@nty — Tntmitrz) (@ngy = Tnt1) (Tngyy — Tng2) S
(sh+ Tniyy — @n) (Sh+ Tniy — Tngy) (Sh+ Tniy, — Tngr) (Sh+ Tngyy — Tnya) 9)

(mn+’71+’yz - xn) (xn+"/1+“/2 — Tntyy ) (Tndryi4+y2 — xn+1) (xn+W1+’Y2 - xn+2) Yrtmae

4 Bht Ty —an) (Sht Tngyy = Tngyy) (St Tngyy = Tngrny) (Sh+ Tngsy — $n+2)yn+1

(Sh + In+’y1 - -Tn) (Sh + xn+’yl - wn#»'n Sh + xn#»'n - xn«l»’yl +’yz) (Sh + xn+’yl - xn+1)
(Tnt2 = Tn) (Tny2 = Tngyy) (Tnt2 = Tntyitrz) (Tntz — Tng)

) (
) (

(@n+1 = 2n) (Tn41 = Tngys) (Tnd1 = Tntyitz) (Tng1 — Tng)
ié

Taking the first derivative of (9) with respect to s, and subsequently replacing s by 1 — v, and
2 — 71, respectively, leads to the following equations,

2’)’1+72’Y%71721) L= = %
P (z, = ( Yn + Yntm
(@nt1) 271 (71 + 72) nem-0)m=-2)""

v —1 )
+ AT, 10
<(71+72)’Y2(71+’72—1)(71+72—2) Yntmty (10)

+< 2—2y1 — 72 >y +<1271+v572+%72>y
1 25
(m-Dm+r-1),)7"" 2 —2)(m+72—-2) )7

and

P’ (210) = (4 —dm =272+ 77 +7172> . ( 2(1n+12-2) ) Yt
271 (M1 +72) Y172 (11 = 1) (11 — 2)

+ ( 2(2—m)

(m+7)r2n+re—1)01+7 -2

11
<2(4’yl+272_7%—7172—4)> ()
Yn+1

) > Yntyi+2

Mm=1)Mm+72-1

(20 — 1671 + 377 — 8v2 + :wm) y
21 —=2) (11 +72—2) S

Consider hf,+1,n+2 = P’ (Tnt1.n+2) in (10) and (11) gives,

o Crn+r-1H-mr-)Mnm-1)Mm+r2-1) ,
n 291 (71 +72) 271 + 72 — 2) "

((171 72)('71+721))
Y1y2 (1 —2) (271 + 72 —2) ) T

m-DMn-1 )
n 12
M+v2)r2(1+72—-2) 21+ —2) Yntmitr (12)

( 1—2% +9i =2 +7172) (-1 (n +72—1)> y
n+2

+

+
2 —=2)(m+72-2)2n+17r-2)

(m—1) 714-’72 )>hf+1

B N
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and

© _[n+2p-1-mr-4mnm-2Mm+r-2)
e Y1 (71 4 72) (20 — 1671 + 377 — 872 + 37172)

( 42—y —72) (11 +72—2) )y
772 (71 = 1) (20 — 1691 + 397 — 872 + 3172) ) 7

4(y1-2)(n —2)
+ 2 Yn+yi+72
(11 +72)72 (1 +72 — 1) (20 = 1671 + 377 — 872 + 37172)

( 1[4 —2p+R+m) (-2 (n+n-2) >
n+1

(1= 1) (m +72—1) (20 = 1671 + 37§ — 872 + 37172)

+( 2(71—2) (1 +72—2)
20 — 1671 + 377 — 872 + 37172

)fue
(13)

The CBBDF(4) method is implemented through a predictor-corrector approach. To determine the

solutions for y,(ﬁ)H and yfﬂz, as derived in (12) and (13), it is essential to first obtain the predicted
values. The predictor formulas are constructed from the points x,, £n4+, and ,14,4,,. The
polynomial can be expressed as,

_ (@ = Zngy) (8 — Tngri49,) (T —an) (& — Tngry49,)
Q(x) = Yn +
(@n = Tnay,) (Tn = Tngy442) (@Tntm = Tn) (Tntyy = Tngyr4yz)
(x —an) (& — Tpiqy)

(Tntyi+v2 = Tn) (Tndyit9e = Tndy)

Yn+,
(14)
+

Yn+~yi+2-

The formulation of (14) resembles the derivation of (12) and (13), but it excludes the differentia-

tion step. As a result, the predictor formulas for y,(ﬂl and y,(ﬁQ take the form,

O (1 — 2 =P+ +7m) N (71 +2 — 1> y
i 71 (1 +2) " Y172 i

( Y1 — ) y.
Y2 (71 +72) e

(15)
) 4—471—272+’Y%+7172> (2(71+72—2)>
2 < 7 (1 +2) Y2 e
2(71—2) )
+ 1 2°
(72 (71 +72) Yntnto

3 Properties of the Method

This section focuses on discussing the properties of the CBBDF(4) method. Key aspects in-
clude the order of the developed method, as well as its zero-stability and consistency: the essen-
tial conditions for the method’s convergence. Additionally, the region of absolute stability of the
CBBDF(4) method will be examined to assess its effectiveness in solving stiff ODEs.
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3.1 Order and error constant

Definition 3.1. The LMM associated with the linear difference operator is said to be of order q if Cy =
Cy = --- = Cy = 0and the error constant, Cy11 # 0.

To assess the consistency of the method, the order of the method will first be determined. By
rearranging (12) and (13), the following equation is obtained,

y Cn+r-1-mr2-)Mm-1)Mm+7r2-1) y
n+1 — n
* 2m (1 +72) @1 +72 - 2)

1-m-— (%ng—l))
Y172 ’Y1 — 2 2*}/1 + Yo — 2) n+vy1
’71 -H(n-1 )

" 16

(m+72)72M+72-2) 21 +72-2) Yntyi+yz (16)

o
(q
( 1—271 +911 = +nr) (n-1) (71+72_1)> Ynt2
-(

2(n—2)(n+72—2)2n+72—-2)

—1
m ”1”2 DAFY N
2-2m—

y (A +2vn—1-nre-49)Mm-2)(n+12-2) )
-
S Y1 (71 +72) (20 — 1671 + 377 — 82 + 37172) "

42-m—1r)Mnt+r2—2)
(vm (71 —1) (20 — 1671 + 377 — 872 + 37172)) i
( 4(n—2)(m—-2) > (17)
(1 +72)72 (71 + 72 — 1) (20 — 1691 + 377 — 8v2 + 3y172) ) 77+
(4—dn — 2%+ +m7) (n—2)(n+1—2)
< (71 = 1) (1 +792 = 1) (20 = 1671 + 397 — 872 +3’vm)> o

( 2(m1—2) (11 +12—2) )hf ,
20 — 1671 + 372 — 872 + 37172 ) 0"F

The matrix form of (16) and (17) is given by,
|:0 A0,1:| |:yn1:| + |:AA/1,1 A'yl+'y2,1:| |: yn+71 :| + |:A1,1 A2,1:| |:yn+1:|
0 A0,2 Yn A7172 A71+7272 Yn+~y1+72 A1,2 A2,2 Yn+2

_ (18)
_ 10 0f [fa-t 0 frtv Bi1 Bai| | fa+1
=h {0 0] { fn } +h[ 0] |:fn+'yl’:-’yz:| +h |:Bl,2 B2,2:| {fm-z} ’

where

) . (2v1+72—7i —mv2—1) (1 —D (1 +72—1)
Aot 271 (v1+72) (271 +72—2)
AO = = 2 )
| Ao,2 o (nt2r—E e —4) (=2 (m+2—2)
Y1 (71+72) (20— 16714372 =872 +37172)
_ _( A=m—y2)(r1tr2-1)
A = A’n,l _ 7172(711-2)(271+72—2)
T Ay 2 _ 42—v1—72) (1 +v2—2) ’

Y1v2(11—1) (20— 16714377 —8v2+37172)
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‘A (m=1DMm=1
A 71+72 (~/1+72)'vz(71+72 2)(271+72-2)
Y2 71+727 4(11—2)(11—2) ’
) ('n+’y2 Y2 (71472 —1) (20— 1671 +377 —872+37172)
_ 1
Arn
A = 4 = 4(4—4y1 272477 +172) (1 —2) (1 +72—2) )
L1,2 M=) (M+72—1)(20—1671+377 —872+37172)
‘A (1- 271+71 V2tmivz) (n—D(n+ye—1)
Ay = A2 1] = 2(m—2)(1+72—2)(271+72—2) ,
4422 1

[0 0 0
By = 0:| ) B’Yl = |:0:| ’ By 4qy, = |:0} )

B _(W) B 0
By = BM} - e . Be= gl = 2(11-2)(11+72-2) :
| D1,2 0 2,2 |\ 20—1671+377 —872+37172

The linear difference, L; corresponding to the LMM in (2) can be expressed as,
Lly(x);h] =Y [Ajy (x + jh) — hBjy' (x + jh)], (19)
J
where j = 0,71, 71 + 72, 1, 2. By expanding the function y (z + jh) and its derivative ¢’ (z + jh) in
(19) around z using Taylor’s method, the following series is obtained,

Z A;
. 21N\2 .1\3
-y s, ﬂ—?y (@) + Ly )+ U0 0y 4

=Sl + A, Bl @)+ 3 gt -5 |1 @

1.
+Z[3, 3 A; —2,3 ]h?’y”’(x)—i—ZLufl ; 3'; B}h“y(‘l)(a;)—&-....
J

By denoting the collected terms of y (x) and its derivative in (20) as C,, where ¢ = 0,1, 2, ..., the
order of the method and the error constant can be determined by substituting the associated set
of coefficients from (18) to achieve as follows,

]h/

S1N\2 -71\3 .1 \4
v @)+ @y ¢ Uy By 0y 4

Yy () +

(20)

Co = 4o +A71 +A”/1+“/2 tA+ 4y = |:8] ’

C1=[(0-(Ao)) + (7 (Ay)) + (7 +72) - (Ayy152)) + (1- (A1) + (2 (A2))]
— [Bo + By, + By 4q + B+ B

Co = 3 [(07 - (40) + (4% (3)) + (05 4920+ (o)) + (12 (A1) 5 (27 (42)]
~ [0+ (Bo)) + (72 - (By) + (31 +72) - (Byyn)) + (1 (B1) + (2 (B))]
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Cs = é |:(03 ’ (AO)) + (’Yl3 . (A'Yl)) + ((71 +72)3 ’ (A’Yl-‘r’m)) + (13 ’ (Al)) + (23 ’ (AQ)):|
1
2

=5 [0 (Bo) + (2 (B) + (1 +72) - (Bruga)) + (12 (B1) + (22 (B2)) |

|

I
—
o O

1
Cy= 5[0 (40) + (1" (42) + (1 +72)" (Agpina) ) + (17 (A1) + (2* (40))]
1 .
== (07 (Bo) + (1 (B,) + (11 +92)° - (Byysa)) + (17 (BL) + (2°- (B2)
10
e
1
Cs = 155 [(o5 ~(A0)) + (m” - (4y)) + ((vl +7)° - (A%m,)) +(1°-(A) + (2°- (Az))}
1
— 57 (0% (Bo) + (1 (B1) + (1 472" (Boyns) ) + (14 (BY) + (2 (B2)) |
1 (67467172 —4y1 — 272+ 1495 =647 v +y1 +29 v — 21 Vs 13 53
_ 120 2914+v2—2
Tl (2471+247172732V1716w+16*87f*12%7274v1v§+4v§+vi‘+2ﬁm+va§)
30 20—16v1+372—8v2+37172

Based on Definition 3.1, it is found that Cy = C; = Cy = C3 = Cy = [O7O,O,O,O]T and C5 # 0,
indicating that the CBBDF(4) method has an order of four with error constant as stated in Cs.

3.2 Convergence properties

In this section, the convergence of the CBBDF(4) is investigated. To establish the convergence of
the method, it is necessary for it to satisfy the criteria of consistency and zero-stability, as outlined
in the following definitions.

Definition 3.2. The LMM is considered consistent if it has an order of ¢ > 1.

Since the CBBDF(4) method is of order four with ¢ = 4 > 1, therefore it is consistent by
Definition 3.2. Next, the zero-stability associated with CBBDF(4) is discussed.

Definition 3.3. The LMM is considered zero-stable if all roots of the first stability polynomial lie within
or on the unit circle, with no root having a modulus exceeding one, and any root located exactly on the unit
circle is simple.

The stability polynomial for the CBBDF(4) method is derived using a linear differential equa-
tion test represented as,

y = \y, (21)
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where A\ < 0 is complex. By substituting (21) into (12) and (13) will lead to
(71—1)(%+72—1)) )
1- hX ) yn
( ( 2— 271 — 7 Yreit
((1 2+ -retnr)(n—-Dm+y - 1))
— n+2

2(n—2)(m+72-2)2n+72-2)
_ ((271 +y2 -7 — N2 — 1) (=1 +72— 1)) Yn (22)

2 (n+72) 21 +72 - 2)

((1—’71—72)(71 +72—1))
e (n —2) 2y + e —2) ) T

( (1 —=1)(m —1)
m+r2)r2(n+72-2) 27 +72 -2

(1 B (20 21(g1 -2 (Zl + 72 —2) ) hA) .
— 1671 + 377 — 872 + 371172
4(A—dn -2+ +nm1r) m-2)(n+12-2)
- ((71 1+ -1)(20-16m + 377 — 872 + 371’72)) o
_ ((471 2 - - -4 -2)(nt+r- 2)) (23)
U m(n +2) (20 = 1671 + 397 — 872 + 37172) "

( 42—m —2) (1 +72—2) )y
72 (71— 1) (20 — 1691 + 377 — 872 + 3my2) ) 7"

) ) Yn+vyi+v2>

+( 4(y1—2)(m —2)
(1 +72) 72 (1 + 72 — 1) (20 — 1671 + 377 — 872 + 37172)

Equations (22) and (23) can be expressed in matrix form, and by letting h = Ah generates,

_a11 a12| |Yn+1 _ b1 b1 Yn+; + €11 C12| |Yn—-1 (24>
[a21 Q22| |Yn+2 bar  b22| |Yntyite co1 Co2| | Yn |’

) Yndyityz-

where

a =

ail a2
az1 Q22|

2—271—72 2(v1—2)(v1+72—2)(271+72—2)

4(4—471 272477 +7172) (11 —2) (M1 +72—2) 1_ 2(11=2) (11 +72—2) = ’
20—167v1+37v —8v2+37172

[ 1— ((71—1)(714-72—1)) 3 B ((1—2~/1+'yf—72+7172)(%—1)('Yl+'72—1))

(=D (71 +72—1) (20— 16714372 —872+37172)

(1+72)72(11+72—1) (201671 +37F ~872+37172)

( (A=y1=72)(mat+y2—1) ) ( (=1 (n-1) )
7172(71—2)(271+72—2) (m+72)72(1+72—2) (271 +72—2)
Y172(11—1) (20— 16714377 —872+37172)

( 42— —y2) (1 +12—2) ) An-2)(n—-2) ) ’

271 (v1+72) (271 +72—2)

e |11 cz)
Co1  C22 0 (4m1+2y2 =i —7172—4) (71 —2) (V1 +72—2)
Y1 (71+72) (20— 1671 +392 =872 +37172)

<(271+V2’Yf%’yzl)(’h1)(V1+”{21))
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Solve R (t, h,71,72) = det (at? — bt — c) and set h = 0 to obtain the stability polynomial for (24).
Then, solving for ¢ gives,

th =0, ty=1,
+ (=121 — 1292 + 58y192 + 1375 + 2975 — 114vi~ye — 1147195 + 1167542 + 17445 ~5
+68m175 — 647172 — 1287775 — 67175 — 127172 + 457175 + 369175 + 9z + 187277
— 29555 — 69592 — 67175 — 29348 — 693 + 1 — 2295 + 5y8) + (2887172 + 14447 + 144+3
— 9367792 — 13207175 + 548~ 2 + 26787175 + 35567175 + 166071 v2 — 244075~5
82967243 — 5924174 + 49947142 + 200887378 + 16778724 — 3468~572 4 300475,
— 132687775 — 445327175 — 42548~7~3 + 1899477~3 + 641687773 + 7353871 7a
— 14367772 — 168127273 + 375487345 + 56047175 — 28607175 + 84667275 — 31243
+ 31371 — 69675 — 18077 + 136975 — 13965 + 77475 + 627 — 1297 + % + 3967¢ 72
— 57556775 — 157041 v3 — 7848877 v5 — 509401 ~5 — 15912578 — 607{ 72
4 330407742 + 81349542 + 524987542 1 41476775 + 7287198 — 2076727 + 1678672~S
+ 3160758 — 2234071 v — 1026075~ — 2074872 ~5 — 2508717s — 12300755 — 2724~7~2
— 22075 + 2575 + 10967775 + 1987175 — 2287175 + 1297175 — 10807175 — 2529175

— 7207{ 75 — 367775 — 90071va — 39671°75 — 727195 + 479975 + 47175 + 6071 %5

+ 24918 4+ 80075 — T2711 92 4 607545 + 24T v5 + 29007775 + 580712 + 5929755
+ 4710 + 63167775 + 3674915) %
) (mmé — 459772 + 6477 — 97195 + 297 + 67173 + 128472 — 9677 )
Y1772

— 1447172 + 67172 — 4875 + 1295 — 369773 + 27775 + 4871 + 4872 — 1877

t3a ==

From the obtained roots, it is observed that roots ¢3 and ¢, are associated with the parameters
v and v». Therefore, an analysis of the relationship between these parameters and the roots is
deemed essential to satisfy the criteria for zero-stability as outlined in Definition 3.3. To facilitate
implementation, one of the parameters can be fixed. In this study, a specific value for v; will
be chosen. By setting v; to a constant value, the corresponding range of v, values that ensure
zero-stability for both roots ¢3 and ¢4 can be identified. Fixed values of v, at 25, 50, and 100 will
be considered. This approach allows for the examination of how the range of v, values behaves
graphically. Specifically, values of v2 within the range of [—200, 200] will be analyzed to observe
their impact on the stability of the roots.

00 0000 0 0 O DY

Figure 2: Graph of t3 versus v for CBBDF(4) when ; = 25.
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-200 -100 0 100 200
n

Figure 3: Graph of t4 versus 2 for CBBDF(4) when v; = 25.

Figures 2—3 illustrate that for ; = 25, the requirement |t3| < 1 is fulfilled for all values of ~,
within the range (—o0, 00). Conversely, the condition |¢4| < 1is met when 7 is confined to the in-
tervals (—oo, —47.015) U (—24.862, 00). By combining these criteria, the values of 7, that guarantee
zero-stability for both roots ¢3 and t4 are expressed as v2 € (—oo, —47.015) U (—24.862, 00).

Similarly, Figures 4—5 reveal that when ; = 50, the condition |¢3| < 1 remains valid for all
values of 7, across the entire range of (—oo,00). In this case, the condition for zero-stability of
root t4 is satisfied when v, falls within the intervals (—oo, —85.083) U (—49.916, c0). Thus, the
corresponding values v, € (—o0, —85.083) U (—49.916, co) guarantee stability for both roots.

1

poo 00 0000 0 O B 6ol

T T T T T T T T T
=200 =100 0 100 200
h

Figure 4: Graph of t3 versus 2 for CBBDF(4) when v; = 50.
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Figure 5: Graph of t4 versus v for CBBDF(4) when ~; = 50.
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Figure 6: Graph of t3 versus -2 for CBBDF(4) when y; = 100.
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Figure 7: Graph of t4 versus 2 for CBBDF(4) when v; = 100.
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Finally, Figures 6—7 depict that for a value of v; = 100, the condition |¢3] < 1 continues to
hold for all values of -, in the range of (—oco, 00). Meanwhile, the stability condition for root ¢4
is satisfied when -, lies within the intervals of (—oo, —141.216) U (—99.865, c0). Therefore, after
merging these conditions, the values of v, that ensure zero-stability for both roots are expressed
as y2 € (—oo, —141.216) U (—99.865, 00).

Theorem 3.1. The conditions required for the LMM to achieve convergence are that it must be both con-
sistent and zero-stable.

Proof. Since both the conditions of consistency and zero-stability have been satisfied in the pre-
vious analysis, it is concluded that the CBBDF(4) method converges and is appropriate for the
numerical integration of first-order stiff ODEs. O

3.3 Absolute stability region

The stability of implicit numerical methods for stiff IVPs is crucial for avoiding numerical insta-
bilities and ensuring accurate, reliable solutions. One of the key criteria for evaluating the robust-
ness of these methods is A—stability, which facilitates efficient simulations of problems involving
disparate timescales. The definition for A—stability is given as follows;

Definition 3.4. The LMM is said to be A—stable (also known as stiffly stable) if the stable region covers
the entire negative complex plane.

According to the literature, the boundary locus technique is regarded as the most widely used
and convenient method for identifying the region of absolute stability. The boundary can be es-
tablished by substituting the set of points t = ¢, where |t| < 1 and 6 ranges from 0 to 27. Con-
sequently, the stability region graphs are plotted using Maple software. Based on the previous
analysis of zero-stability, a broad range of intervals for v, and v, are identified that satisfy the
properties of zero-stability. Consequently, specific values of v; and 7, will be emphasized in this
study to illustrate the A—stability region. The chosen values for v; and v, are 25, 50 and 100, with
both parameters set equal. These values will be utilized to analyze their A—stability behavior. It
should be noted that the stability regions for other values of v, and v, are not presented in this
study, as no significant differences are observed.

Figure 8 illustrates the stability regions for the BBDF and CBBDF(4) methods with parameters
Y1 =Y =257 = v = 50and y; = v2 = 100. The graphs indicate that the stable region lies
outside the boundary defined by the diamond-shaped line, while the unstable region is contained
within it. Notably, the CBBDF(4) method demonstrates a smaller unstable region compared to
the BBDF method, indicating enhanced stability characteristics. According to Definition 3.4, the
CBBDF(4) method is classified as A—stable, as its stability region encompasses the entire negative
half-plane.
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‘ O BEDF ¢ CBBDF(4)[y,-3-25] ¢ OCBBDF()[y,=1=50] < CBBDIH;[y]:yJ:mD]‘

Figure 8: The graphs of stability regions for BBDF and CBBDF(4).

4 Implementation of the Method

The CBBDF(4) method in the third stage is implemented within a predictor-corrector com-
putational framework. Before advancing to this stage, it is necessary to compute the intermediate
values, Y+, and yp 4, ++,, Which serve as crucial inputs for determining the future solutions y,, 11
and y,42. To obtain these intermediate values, Euler’s method is employed during the first and
second stages. This approach provides a solid foundation for the subsequent calculations. Once
the intermediate values are established, they are used to predict the future solutions, as outlined
in (15). The predicted values can then be refined using the corrector formula associated with the
CBBDF(4) method in (12) and (13). This refinement process is conducted through the applica-
tion of Newton’s method, which is particularly effective for integrating stiff ODEs. The general
formulation of Newton’s iteration for the CBBDF(4) is written as,

; (4)
) ) Fia (1h.012)
yn+1,n+2 - yn+1,n+2 - a (@)
F 1,2 (yn+1,n+2)

where the notation (i) and (i + 1) represent the previous and current iterations, respectively and

: (25)

2(n—-2)(m+712-2)2n+72-2)

_ ((71—1)(71 +72—1)
272’)/17’}/2

- ((1271+V1272+V172)(711)(71+721)>
F1:yn+1— n+2

) hfny1 — &1,

R 4(4—dn -2+ +77) (n—2)(n+12—2)
Fy =ynyo — 3 Yn+1
(11 —=1) (1 +72 —1)(20 = 1671 + 377 — 872 + 37172)

T [
20 — 1671 + 372 — 872 + 37172 m ’
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with & and &, are the intermediate values in the previous block. To clarify the notation, we define,

i+1 i+1 i
€S+1,)n+2 = y’ELZ+1,)’n+2 - yr(:J)an+2’ (26)

where eifjfll )n 4o represents the difference between the values of 1/, ;1,42 at the (i)™ and (i + 1)
iterations. Substituting (26) into (25) allows Newton's iteration formula to be rearranged and
expressed as,

A i i+1 - i
F'y 9 <y£i1,wl+2) : |:€£L+1,)n+2} =—I1 (yﬁz-)&-l,n-&-Q) . (27)

The matrix form of (27) becomes,

1— (=) (v1it7r2-1) hafn,+1 . (1—2’Yl+"/12—’y2+’>’172)(’71—1)(’714-"/2—1) ]
32711 -2 Byni1 22 +r—2) 2112 -2) et
_ 4(4=471 =272+ +7172) (1 —2) (V1 +72—2) 1— ( 2(11=2) (71 +72—2) ) f O nt2 655121)
(’Yl—1)(71+’Y2—1)(20—1671+3Vf—872+37172) 20—1671+377 =872 +37172 OYnt2
1 (1271497 =2 +m172) (=) (1472 —1) ,
2(m1-2)(11+72-2)271+72—2) yg}rl
4(4=471 2%+ +7172) (11 —2) (1 +72—2) 1 yﬁf_),_z
(=1 (71 +72—1) (20— 16714372 —872+37172)
(m=1)(r1+y2—-1) ;
+h ( 2=27v1—"72 ) 0 f7521 + &1
0 2(v1—=2)(71+72—2) f(’) &
20—1671+377 —87v2+37172 n+2
(28)

The algorithm developed is conducting using PECE (predict-evaluate-correct-evaluate) mode.
Therefore, the following steps are carried out;

Step 1: The predicted values are computed using the predictor formulas.

P yr(zzzﬁ)-l,n-‘r?

Step 2: The predicted values are used to find the derivatives.
E: y/n+1,n+2 =f (xn+l,n+2vy7(f)-)-1,n+2) .

Step 3: The iteration matrices are applied to find the increments.

.0
O . ynil,n+2'

Step 4: The corrected values are used to evaluate the values of derivatives.

ol _ (c)
FE: Yy n+1ln+2 — f (mn+1,n+2vyn+1’n+2) .

5 Numerical Results and Discussions

In this study, the newly developed method, CBBDF(4), will be employed to approximate the
solutions for both single equations and systems of linear and non-linear stiff IVPs using step sizes
of 1071, 1073 and 10~°. The computed numerical results will be compared with those obtained
from the existing 2-point BBDF method to evaluate the performance of the new composite block
scheme in terms of maximum error, average error and computational time. The 2-point BBDF
method is chosen because it is a pioneer and well-known method in the family of multistep block
methods, making it an ideal benchmark for comparing the performance of the new composite
block scheme. The selected values of the independent parameters, v; and ~,, are 25, 50 and 100,
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which have been shown to have A—stability characteristics. Tables 1—4 present the numerical
approximations for each test problem. To visually illustrate the results, graphs of log(h) against
log(MAXE) and log(TIME) against log(MAXE) are shown in Figures 9—16. The tables use the
following notations:

h :  Step size.

" : Independent parameter in the first stage of CBBDF(4).

Y2 : Independent parameter in the second stage of CBBDF(4).

BBDF :  2-point block backward differentiation formula by [7].

CBBDF(4) : Three-sub-steps composite block backward differentiation formula of
order four.

MAXE :  Maximum error.

AVE :  Average error.

TIME :  Computational time (in seconds).

Example 5.1. The cosine problem is formulated as follows,
/ . 1
y' (x) = —2msin (27z) — — (y — cos (27x)),
€

where e = 1073, The initial condition is given by y (0) = 1, and the problem is defined over the range
x € [0, 10]. The exact solution to this equation is y (x) = cos (2mx). The eigenvalue of the Jacobian matrix
associated with this equation is A = —1000. As e approaches zero, this cosine problem becomes increasingly
stiff, thus classifying it as a highly stiff ODEs.

Source: [12]

Example 5.2. This test problem involves a non-linear mildly stiff ODEs with oscillating solutions over the
range x € [0, 3], defined as follows,

y' (x) =100 (sin (z) — y) .

The initial condition is specified as y (0) = 0. The eigenvalue associated with this equation is A\ = —100.
The theoretical solution to this differential equation is expressed as,

sin (z) — 0.01 cos (z) + 0.01e~100®
1.0001 .

y(z) =
Source: [14]

Example 5.3. Consider a system of linear equations which is classified as mildly stiff ODEs defined over
the interval x € [0, 10]. The equations are expressed as follows,

yll ({E) = 198y1 + 199y2,
y2' (CL’) = 7398y1 — 399y2.

The exact solutions to this system are given by,

yi(z) =€,
Y2 () = —e 7.
The initial conditions are specified as y1 (0) = 1 and yo (0) = —1. The eigenvalues associated with this

system are given by Ay = —1 and Ay = —200.
Source: [26]
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Example 5.4. This test problem also consists of a system of linear mildly stiff ODEs defined over the interval
x € [0,10]. The equations are as follows,
y1’' () = —100y; + 9.901ys,
y2' (z) = 0.1y1 — yo.
The theoretical solutions for this system are given by,
m (.’E) _ 6—0.9991’
Y2 (CE) — 10670.991:.
The initial conditions for this problem are y; (0) = 1 and y, (0) = 10. The eigenvalues associated with this

system are Ay = —0.99 and Ay = —100.01.
Source: [15]

Table 1: Numerical results for Example 5.1.

h Method - Y2 MAXE AVE TIME
101 BBDF - - 3.80769e+014 1.46501e+013 | 0.001959
CBBDF(4) 25 25 9.86614-003 3.20069e-003 0.001161

25 50 2.54025-003 1.27628e-003 0.000929

25 100 1.11552e-003 5.58448¢-004 0.000396

50 25 6.07163e+000 6.97518-001 0.000348

50 50 3.83952¢-003 1.89955¢-003 0.000411

50 100 1.64141e-003 8.07837e-004 0.000374

100 25 1.08516e-002 3.74793e-003 0.000411

100 50 4.63403e-003 2.11430e-003 0.000338

100 100 2.28738e-003 1.09418e-003 0.000367

10-3 BBDF - R 1.01029e+064 | 4.05835e+061 0.002541
CBBDF(4) 25 25 4.32939¢-006 1.40646e-006 0.018117

25 50 2.09464e-006 6.76399e-007 0.011730

25 100 1.30234e-006 4.17693e-007 0.011886

50 25 7.13327e-006 2.29832e-006 0.011706

50 50 3.31705e-006 1.06810e-006 0.015586

50 100 1.35533e-006 4.35226e-007 0.011673

100 25 1.09042e-005 3.49370e-006 0.011741

100 50 6.40748e-006 2.05214e-006 0.012977

100 100 2.85186e-006 9.13394e-007 0.011668

10°° BBDF - - 7.89552e-007 5.02563e-007 0.282675
CBBDF(4) 25 25 1.72878e-008 1.09229¢-008 1172617

25 50 1.36535¢-008 8.62639e-009 1.165852

25 100 1.16733e-008 7.37511e-009 1.170962

50 25 1.05536e-008 6.66786e-009 1.164631

50 50 7.91294e-009 4.99938e-009 1.179072

50 100 6.20632e-009 3.92109-009 1.153965

100 25 6.94529-009 4.38798e-009 1.168986

100 50 5.30804e-009 3.35357-009 1.169792

100 100 3.88745-009 2.45603e-009 1170312
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From Table 1, it can be observed that for a step size of h = 10—, the maximum error is mini-
mized when using parameters y; = 25 and v, = 100, while the larger error occurs with v; = 50
and 2 = 25. When the step size is reduced to h = 1073, CBBDF(4) demonstrates improved ac-
curacy with parameters v; = 25 and v, = 100; however, the less accurate results are observed
with both parameters set to y; = 100 and 2 = 25. For an even smaller step size of h = 107°, the
proposed method yields stronger results with parameters v; = 100 and v, = 100, whereas the
weaker performance is noted with ; = 25 and v, = 25.

60
30
40 -
— BBDF
1 —— CBBDF(4) (y1=25.12=25)
0 CBBDF(4) (y1=25,y2=50)
Los(MAXE) CBBDF(4) (y1=25.12=100)
20+
CBBDF(4) (y1=100.
1 ——— CBBDF(4) (y1=100.
0 — CBBDF(4) (y1=100.42=100)
0 -
J "
= T T T T T T
-3 -4 -3 -2 -1
Log(h)
Figure 9: Accuracy graph for Example 5.1.
60 —
30 o
40 4
— BBDF
1 —— CBBDF(4) (y1=25, ,'7—7 ))
30
Log(MAXE)

—— CBBDF(4) (y1=100,y2

—— CBBDF(4) (y1=100 y2=100)

-2
Log(TIME)

Figure 10: Efficiency graph for Example 5.1.
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Table 2: Numerical results for Example 5.2.
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h Method oGt Y2 MAXE AVE TIME

1071 BBDF - - 2.20355e+003 3.14415e+002 0.000075
CBBDF(4) 25 25 9.07150e-004 4.48382e-004 0.000834

25 50 4.46571e-004 1.59219e-004 0.000817

25 100 4.82882¢-004 7.36945e-005 0.000616

50 25 1.17552e-003 5.45056e-004 0.000472

50 50 5.66790e-004 2.41237e-004 0.000321

50 100 5.32487e-004 1.05782e-004 0.000364

100 25 9.08550e-004 4.63750e-004 0.000538

100 50 5.43023e-004 2.77501e-004 0.000327

100 100 5.33897e-004 1.38062e-004 0.000341

1073 BBDF - - 5.67110e-004 1.78110e-005 0.015676
CBBDEF(4) 25 25 9.43078e-006 3.84706e-007 0.006373

25 50 6.12461e-006 2.73561e-007 0.010773

25 100 4.33133e-006 2.19250e-007 0.019829

50 25 3.07588e-006 2.76994e-007 0.005132

50 50 8.34234e-007 1.66250e-007 0.014490

50 100 6.33008e-007 1.12652¢-007 0.012525

100 25 6.06589e-007 2.61113e-007 0.008763

100 50 1.79507e-006 1.82796e-007 0.012728

100 100 2.84885e-006 1.20044e-007 0.012460

107° BBDF - - 7.33991e-006 1.98408e-007 0.261936
CBBDEF(4) 25 25 1.57952e-007 4.27728e-009 0.574851

25 50 1.25883e-007 3.40910e-009 0.484129

25 100 1.08002e-007 2.92564e-009 0.485253

50 25 9.19015e-008 2.50090e-009 0.536899

50 50 7.06918e-008 1.92285e-009 0.669888

50 100 5.65001e-008 1.53690e-009 0.584927

100 25 5.43060e-008 1.49355e-009 0.602972

100 50 4.32073e-008 1.18684e-009 0.663891

100 100 3.32433e-008 9.12181e-010 0.594253

From Table 2, when the step size is set to h = 107!, the parameters that result in better min-
imization of the maximum error are identified as v; = 25 and v, = 50. Conversely, the more
significant maximum error arises with the parameters v; = 50 and 72 = 25. As the step size is
refined to h = 1073, the configuration yielding a more favorable maximum error shifts toy; = 100
and v, = 25, while the less favorable outcome is observed with both parameters set to v; = 25
and 7> = 25. Further reducing the step size to h = 107° reveals that improved performance is
achieved with v; = 100 and v, = 100, whereas the less effective results occur with both parame-

ters at y; = 25 and v, = 25.
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Figure 11: Accuracy graph for Example 5.2.
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Figure 12: Efficiency graph for Example 5.2.
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Table 3: Numerical results for Example 5.3.

Malaysian ]. Math. Sci. 20(2): 797-825(2026) 797 - 825

h Method oGt Y2 MAXE AVE TIME

1071 BBDF - - 5.67155e-002 2.76304e-002 0.000050
CBBDF(4) 25 25 9.43237e-004 4.71699e-004 0.000819

25 50 6.12568e-004 3.06182e-004 0.000790

25 100 4.33220e-004 2.1635%¢e-004 0.000536

50 25 3.07887e-004 1.53812e-004 0.000361

50 50 8.35866¢e-005 4.15285e-005 0.000735

50 100 6.32076e-005 3.19863e-005 0.000901

100 25 5.99303e-005 3.03339¢-005 0.000465

100 50 1.79064e-004 8.99767e-005 0.001121

100 100 2.84666e-004 1.42859e-004 0.000627

1073 BBDF - - 7.34012e-004 3.98453e-004 0.008055
CBBDEF(4) 25 25 1.57957e-005 8.57659e-006 0.016035

25 50 1.25887e-005 6.83530e-006 0.014053

25 100 1.08005e-005 5.86435e-006 0.037922

50 25 9.19042e-006 4.99015e-006 0.013366

50 50 7.06939¢e-006 3.83850e-006 0.022335

50 100 5.65018e-006 3.06790e-006 0.039168

100 25 5.43077e-006 2.94877e-006 0.024846

100 50 4.32086e-006 2.34612e-006 0.040475

100 100 3.32443e-006 1.80509e-006 0.035614

107° BBDF - - 7.35741e-006 3.99787e-006 0.459211
CBBDEF(4) 25 25 1.58607e-007 8.61837e-008 1.856961

25 50 1.26542e-007 6.87598e-008 1.517058

25 100 1.08656e-007 5.90415e-008 1.770600

50 25 9.25212¢-008 5.02737e-008 1.948932

50 50 7.13211e-008 3.87537e-008 1.701128

50 100 5.71325e-008 3.10447e-008 1.554695

100 25 5.49136e-008 2.98388e-008 1.748470

100 50 4.38209e-008 2.38114e-008 2.089290

100 100 3.38616e-008 1.84001e-008 1.688755

In Table 3, for a step size of h = 107!, the parameters that yield a reduced maximum error are
100 and ~, = 25. The larger maximum error is recorded with both parameters
at their lower values of y; = 25 and 7> = 25. When analyzing a smaller step size of h = 1073,
= 100. Again,

found to be v,

the more accurate results emerge with both parameters set to v; = 100 and v,

the less accurate configuration is seen with both parameters at their lower values of v; = 25 and
2 = 25. At an even finer resolution of h = 107°, leading performance is maintained at the same
parameter values of y; = 100 and ~» = 100, contrasting with the weaker performance noted at
lower parameter values.
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Figure 14: Efficiency graph for Example 5.3.
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Table 4: Numerical results for Example 5.4.

Malaysian ]. Math. Sci. 20(2): 797-825(2026) 797 - 825

h Method oGt Y2 MAXE AVE TIME

1071 BBDF - - 5.63179e-001 1.52583e-001 0.000029
CBBDF(4) 25 25 9.40590e-003 2.61411e-003 0.000285

25 50 6.13197e-003 1.70338e-003 0.000392

25 100 4.35578e-003 1.20900e-003 0.000381

50 25 3.11076e-003 8.63712e-004 0.000293

50 50 8.90524e-004 2.46040e-004 0.000399

50 100 5.62826e-004 1.58451e-004 0.000376

100 25 5.32950e-004 1.50074e-004 0.000431

100 50 1.71202e-003 4.78121e-004 0.000418

100 100 2.75730e-003 7.69018e-004 0.000474

1073 BBDF - - 7.26689¢-003 2.19146e-003 0.002554
CBBDEF(4) 25 25 1.56384e-004 4.71713e-005 0.009169

25 50 1.24635e-004 3.75946e-005 0.010456

25 100 1.06931e-004 3.22546e-005 0.009204

50 25 9.09913e-005 2.74466e-005 0.009283

50 50 6.99932e-005 2.11128e-005 0.009246

50 100 5.59431e-005 1.68747e-005 0.009089

100 25 5.37707e-005 1.62194e-005 0.009191

100 50 4.27827e-005 1.29050e-005 0.009114

100 100 3.29180e-005 9.92943e-006 0.009223

107° BBDF - - 7.28384e-005 2.19872e-005 0.245668
CBBDEF(4) 25 25 1.57021e-006 4.73988e-007 0.911100

25 50 1.25276e-006 3.78161e-007 0.908632

25 100 1.07570e-006 3.24713e-007 0.924102

50 25 9.15961e-007 2.76492e-007 0.950025

50 50 7.06079e-007 2.13135e-007 0.935472

50 100 5.65613e-007 1.70738e-007 0.926682

100 25 5.43645e-007 1.64106e-007 0.925899

100 50 4.33828e-007 1.30957e-007 0.967707

100 100 3.35231e-007 1.01196e-007 0.920733

Turning to Table 4, consistent results are observed. With a step size of h = 107!, the config-
uration that minimizes maximum error is again identified as v; = 100 and v = 25. The larger
maximum error is noted to persist at the same parameter settings of both values at their lower lev-
els: v = 25 and 2 = 25. As the step size is decreased to h = 1073, improved accuracy is achieved
with parameters set to both values at v; = 100 and v, = 100. Once more, the less favorable re-
sults are observed with both parameters at their lower values of v, = 25 and v, = 25. This trend
continues at a step size of h = 10~°, where better performance is noted to remain unchanged at
parameters of y; = 100 and v, = 100, contrasting with the less favorable performance observed at
lower parameter values.
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Figure 15: Accuracy graph for Example 5.4.
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Figure 16: Efficiency graph for Example 5.4.

Overall, CBBDF(4) consistently outperforms the existing method, BBDF, across various step
sizes, indicating its robustness and reliability in minimizing maximum error. For larger step sizes,
h = 10~!, parameter values that better minimize maximum error are often found to be y; = 25
and v, = 100. As the step size decreases to h = 1072 and h = 1075, the configurations tend to
shift, with v; = 100 and 2 = 100 emerging as the more effective settings for achieving improved
accuracy.

From the analysis of Examples 5.1 and 5.2, it is evident that the proposed method, CBBDF(4),
achieves better numerical results with reduced maximum errors, even when employing larger

822



B. A. Jaafar and I. S. Mohd Zawawi Malaysian ]. Math. Sci. 20(2): 797-825(2026) 797 - 825

step sizes. In contrast, the traditional BBDF method requires smaller step sizes to ensure com-
parable accuracy. Specifically, for highly stiff problems, the BBDF method struggles to maintain
acceptable accuracy levels, necessitating significantly reduced step sizes compared to those used
by CBBDF(4). Notably, CBBDF(4) is capable of effectively addressing both mildly and highly stiff
problems, a task that the conventional BBDF method often fails to accomplish.

In reviewing Tables 1 to 4, it is clear that the newly developed method, CBBDF(4), requires a
slightly longer computation time compared to the existing BBDF method, particularly as the step
size decreases. However, there are instances where the computational time for CBBDF(4) is less
than or comparable to that of BBDF. For example, in Table 1, using a step size of h = 10~ *, the
computational time for CBBDF(4) across all parameter values is less than that for BBDF. This ad-
vantage may arise because BBDF struggles to obtain numerical results for highly stiff problems
when using larger step sizes. The overall increase in computational time for CBBDF(4) can be at-
tributed to two main factors. First, the CBBDF(4) method involves additional calculations during
the intermediate steps of Stage 1 before progressing to the next stage, significantly contributing to
the overall computation time. Second, each iteration of the CBBDF(4) method necessitates com-
putations for both Stage 1 and Stage 2. In contrast, the BBDF method utilizes an external startup
computation with the Euler method at the beginning and then employs the BBDF method for
each iteration. In summary, while CBBDF(4) demonstrates improved accuracy and performance,
its computational demands are slightly higher due to the complexity of its iterative process and
the requirement for additional calculations at each step.

6 Conclusion

This study introduces a self-starting three-stage composite block scheme based on the BDF
method, which has been shown to be fourth-order accurate, convergent, and A—stable. In con-
clusion, the proposed method outperforms the existing BBDF method and achieves better nu-
merical results with reduced maximum error, especially when using larger step sizes. Therefore,
CBBDEF(4) can serve as a valuable alternative solver for stiff IVPs of ODEs. For future research,
CBBDF(4) could be applied to other models such as the electromagnetic transient in power sys-
tems to demonstrate its applicability in solving real-world problems.

Acknowledgement This research was supported by the Ministry of Higher Education Malaysia
through the Fundamental Research Grant Scheme (FRGS/1/2024/STG06/UITM/02/3) and Uni-
versiti Teknologi MARA.

Conflicts of Interest The authors declare no conflict of interest.

References

[1] N. Abd Rasid, Z. B. Ibrahim, Z. A. Majid & F. Ismail (2021). Formulation of a new implicit
method for group implicit BBDF in solving related stiff ordinary differential equations. Math-
ematics and Statistics, 9(2), 144-150. https://doi.org/10.13189/ms.2021.090208.

[2] K.]J. Bathe & M. M. L. Baig (2005). On a composite implicit time integration procedure for
nonlinear dynamics. Computers & Structures, 83(31-32), 2513-2524. https://doi.org/10.1016/

823


https://doi.org/10.13189/ms.2021.090208
https://doi.org/10.1016/j.compstruc.2005.08.001
https://doi.org/10.1016/j.compstruc.2005.08.001
https://doi.org/10.1016/j.compstruc.2005.08.001

B. A. Jaafar and I. S. Mohd Zawawi Malaysian J. Math. Sci. 20(2): 797-825(2026) 797 - 825

[10]

824

j.compstruc.2005.08.001.

X. Gao, C. S. Henriquez & W. Ying (2020). Composite backward differentiation formula for
the bidomain equations. Frontiers in Physiology, 11, Article ID: 591159. https://doi.org/10.
3389/fphys.2020.591159.

Z. B. Ibrahim, H. M. Jjam, S. J. Aksah & N. Abd Rasid (2024). Enhancing accuracy and
efficiency in stiff ODE integration using variable step diagonal BBDF approaches. Malaysian
Journal of Fundamental and Applied Sciences, 20(5),1083-1100. https://doi.org/10.11113 /mijfas.
v20n5.3530.

Z. B. Ibrahim, N. Mohd Noor & K. I. Othman (2019). Fixed coefficient A («) stable block
backward differentiation formulas for stiff ordinary differential equations. Symmetry, 11(7),
Article ID: 846. https://doi.org/10.3390/sym11070846.

Z. B. Ibrahim & A. A. Nasarudin (2020). A class of hybrid multistep block methods with
A-stability for the numerical solution of stiff ordinary differential equations. Mathematics,
8(6), Article ID: 914. https://doi.org/10.3390/math8060914.

Z. B. Ibrahim, K. I. Othman & M. Suleiman (2007). Implicit r-point block backward dif-
ferentiation formula for solving first-order stiff ODEs. Applied Mathematics and Computation,
186(1), 558-565. https://doi.org/10.1016/j.amc.2006.07.116.

Y. Ji & Y. Xing (2020). An optimized three-sub-step composite time integration method with
controllable numerical dissipation. Computers & Structures, 231, Article ID: 106210. https:
//doi.org/10.1016/j.compstruc.2020.106210.

S. A. Junaidi, B. A. Jaafar & I. S. M. Zawawi (2024). Composite backward differentiation for-
mulas for solving stiff ordinary differential equation. In AIP Conference Proceedings, volume
3189 pp. Article ID: 070005. AIP Publishing, Melville, New York. https://doi.org/10.1063/5.
0224697.

J. Li, H. Li, K. Yu & R. Zhao (2024). High-order accurate multi-sub-step implicit integration
algorithms with dissipation control for hyperbolic problems. Archive of Applied Mechanics,
94(8), 2285-2334. https://doi.org/10.1007/s00419-024-02637-y.

H. Mohd Jjam, S.]. Aksah, A. F.N. Rasedee, N. Abd Rasid, A. Abdulsalam, N. H. Mohd Aris &
F. Hazimi (2024). Numerical solutions of stiff chemical reaction problems using hybrid block
backward differentiation formula. Journal of Advanced Research in Numerical Heat Transfer,
25(1), 100-115. https://doi.org/10.37934/arnht.25.1.100115.

H. Mohd Jjam & Z. B. Ibrahim (2019). Diagonally implicit block backward differentiation
formula with optimal stability properties for stiff ordinary differential equations. Symmetry,
11(11), Article ID: 1342. https://doi.org/10.3390/sym11111342.

H. Mohd Jjam, Z. B. Ibrahim, Z. Abdul Majid & N. Senu (2020). Stability analysis of a di-
agonally implicit scheme of block backward differentiation formula for stiff pharmacoki-
netics models. Advances in Difference Equations, 2020(1), 1-22. https://doi.org/10.1186/
s13662-020-02846-z.

I. S. Mohd Zawawi (2020). BBDF-Alpha for solving stiff ordinary differential equations with
oscillating solutions. Tamkang Journal of Mathematics, 51(2), 123-136. https://doi.org/10.
5556/.tkjm.51.2020.2964.

H. Musa, M. Suleiman & N. Senu (2012). Fully implicit 3—point block extended backward
differentiation formula for stiff initial value problems. Applied Mathematical Sciences, 6(85),
4211-4228.


https://doi.org/10.1016/j.compstruc.2005.08.001
https://doi.org/10.1016/j.compstruc.2005.08.001
https://doi.org/10.1016/j.compstruc.2005.08.001
https://doi.org/10.1016/j.compstruc.2005.08.001
https://doi.org/10.3389/fphys.2020.591159
https://doi.org/10.3389/fphys.2020.591159
https://doi.org/10.11113/mjfas.v20n5.3530
https://doi.org/10.11113/mjfas.v20n5.3530
 https://doi.org/10.3390/sym11070846
https://doi.org/10.3390/math8060914
https://doi.org/10.1016/j.amc.2006.07.116
https://doi.org/10.1016/j.compstruc.2020.106210
https://doi.org/10.1016/j.compstruc.2020.106210
https://doi.org/10.1063/5.0224697
https://doi.org/10.1063/5.0224697
https://doi.org/10.1007/s00419-024-02637-y
https://doi.org/10.37934/arnht.25.1.100115
https://doi.org/10.3390/sym11111342
https://doi.org/10.1186/s13662-020-02846-z
https://doi.org/10.1186/s13662-020-02846-z
https://doi.org/10.5556/j.tkjm.51.2020.2964
https://doi.org/10.5556/j.tkjm.51.2020.2964

B. A. Jaafar and I. S. Mohd Zawawi Malaysian ]. Math. Sci. 20(2): 797-825(2026) 797 - 825

[16]

[19]

[20]

[21]

[25]

[26]

[27]

[28]

A. A. Nasarudin, Z. B. Ibrahim & H. Rosali (2020). On the integration of stiff ODEs using
block backward differentiation formulas of order six. Symmetry, 12(6), Article ID: 952. https:
//doi.org/10.3390/sym12060952.

N. M. Noor, S. A. M. Yatim & Z. B. Ibrahim (2024). Fractional block method for the solution
of fractional order differential equations. Malaysian Journal of Mathematical Sciences, 18(1),
185-205. https://doi.org/10.47836/mjms.18.1.11.

M. Rahmanzadeh & M. Barfeie (2019). An explicit time-stepping method based on error
minimization for solving stiff system of ordinary differential equations. Malaysian Journal of
Mathematical Sciences, 13(3), 329-344.

H. Ramos & M. A. Rufai (2023). A new one-step method with three intermediate points in a
variable step-size mode for stiff differential systems. Journal of Mathematical Chemistry, 61(4),
673-688. https://doi.org/10.1007/s10910-022-01427-7.

M. A. Rufai, B. Carpentieri, A. A. Alimi & M. A. Babalola (2025). A new collocation method
for solving some first-order differential models of biological systems. Scientific African, 28,
Article ID: e02735. https://doi.org/10.1016/j.sciaf.2025.e02735.

M. A. Rufai, T. Tran & Z. A. Anastassi (2023). A variable step-size implementation of
the hybrid Nystrom method for integrating Hamiltonian and stiff differential systems.
Computational and Applied Mathematics, 42(4), Article ID:156. https://doi.org/10.1007/
s40314-023-02273-2.

C. Song & X. Zhang (2024). High-order composite implicit time integration schemes based
on rational approximations for elastodynamics. Computer Methods in Applied Mechanics and
Engineering, 418, Article ID: 116473. https://doi.org/10.1016/j.cma.2023.116473.

H. Soomro, N. Zainuddin, H. Daud, J. Sunday, N. Jamaludin, A. Abdullah, M. Apriyanto &
E. A. Kadir (2022). Variable step block hybrid method for stiff chemical kinetics problems.
Applied Sciences, 12(9), Article ID: 4484. https://doi.org/10.3390/app12094484.

H. Soomro, N. Zainuddin, H. Daud, J. Sunday, N. Jamaludin, A. Abdullah, A. Mulono & E. A.
Kadir (2023). 3—point block backward differentiation formula with an off-step point for the
solutions of stiff chemical reaction problems. Journal of Mathematical Chemistry, 61(1), 75-97.
https://doi.org/10.1007/s10910-022-01402-2.

W. Ying, C. S. Henriquez & D. J. Rose (2011). Composite backward differentiation formula:
An extension of the TR-BDF2 scheme. Applied Numerical Mathematics, 72, 1-16.

M. Z. M. Zabidi, Z. A. Majid & N. Senu (2014). Solving stiff differential equations using
A-stable block method. International Journal of Pure and Applied Mathematics, 93(3), 409-425.
https://doi.org/10.12732 /ijpam.v93i3.11.

I. S. M. Zawawi, H. Aris & B. N. Jorgensen (2020). Transient analysis of electrical circuits
using block backward differentiation formula. In Proceedings of the 2020 The 9th International
Conference on Informatics, Environment, Energy and Applications, volume 2020 of ICPS pp. 99—
103. Association for Computing Machinery, Amsterdam. https://doi.org/10.1145/3386762.
3391922.

H. Zhang, R. Zhang, Y. Xing & P. Masarati (2020). On the optimization of n—sub-step com-
posite time integration methods. Nonlinear Dynamics, 102(3), 1939-1962. https://doi.org/10.
1007 /s11071-020-06020-8.

825


https://doi.org/10.3390/sym12060952
https://doi.org/10.3390/sym12060952
https://doi.org/10.47836/mjms.18.1.11
https://doi.org/10.1007/s10910-022-01427-7
https://doi.org/10.1016/j.sciaf.2025.e02735
https://doi.org/10.1007/s40314-023-02273-2
https://doi.org/10.1007/s40314-023-02273-2
https://doi.org/10.1016/j.cma.2023.116473
https://doi.org/10.3390/app12094484
https://doi.org/10.1007/s10910-022-01402-2
https://doi.org/10.12732/ijpam.v93i3.11
https://doi.org/10.1145/3386762.3391922
https://doi.org/10.1145/3386762.3391922
https://doi.org/10.1007/s11071-020-06020-8
https://doi.org/10.1007/s11071-020-06020-8

	Introduction
	Formulation of the Method
	Derivation of the method for the first and second stages
	Derivation of the method for the third stagen

	Properties of the Method
	Order and error constant
	Convergence properties
	Absolute stability region

	Implementation of the Method
	Numerical Results and Discussions
	Conclusion

