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Abstract

A novel composite block backward differentiation formula of order four, known as CBBDF(4),
has been developed to effectively solve stiff differential equations. This self-starting method
approximates solutions by evaluating two points simultaneously at each integration step, in-
corporating two intermediate points among the interpolating values. The CBBDF(4) scheme is
structured through three sub-steps: in the first and second stages, Euler’s method computes the
intermediate values, setting up the third stage for applying the CBBDF(4) method. The derived
method has been established to be convergent and A−stable, making it well-suited for solving
stiff problems. To validate the method’s accuracy and efficiency, several stiff initial value prob-
lems are solved using various step sizes. The numerical results are compared with the existing
method in terms of maximum error, average error and computational time. Comparative anal-
ysis indicates that the new composite block method is not only practical but also successful in
delivering reliable results.
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1 Introduction

Mathematicalmodels play an essential role in describing andunderstandingphenomena across
various scientific disciplines, including physics [27], chemistry [24], and biology [20]. Many of
thesemodels are formulated as initial value problems (IVPs), which involve solving systems of or-
dinary differential equations (ODEs). Specifically, a system of m first-order ODEs with specified
initial conditions can be written in the general form,

Y ′ = F (x, Y ) , Y (a) = η, a ≤ x ≤ b, (1)

where

Y = [y1, y2, . . . , ym]
T
, F = [f1, f2, . . . , fm]

T
, η = [η1, η2, . . . , ηm]

T
.

There is an important type of differential equations, which is the class of stiff differential equations.
Stiffness in ODEs is characterized by the presence of rapidly varying solutions that can lead to
numerical instability if inappropriate numerical methods or step sizes are used [4]. A system is
defined as stiffwhen the step size required for stability is significantly smaller than that needed for
accuracy, often due to components in the system that decay at different rates [1, 18]. Stiff systems
typically include terms that induce rapid changes in the solution, which can be mathematically
described using the eigenvalues of the system’s Jacobian matrix. A large ratio between the largest
and smallest eigenvalues indicates greater stiffness [11, 16].

Standard explicit numerical methods often fail to produce stable solutions for stiff differential
equations unless extremely small time steps are employed. This instability arises because small
errors can grow exponentially, leading to divergent solutions. Therefore, the choice of numerical
methods significantly affects the ability to solve stiff ODEs. Implicit methods are generally more
suitable for stiff problems because of theirA−stability properties, which allow for larger step sizes
while maintaining stability [17, 23]. One widely used example of such a method is the backward
differentiation formula (BDF). A different variation of the BDF method is block backward differ-
entiation formula (BBDF) method introduced by Ibrahim et al. [7]. This method allows the si-
multaneous computation ofmultiple solution values at different points, which improves efficiency
and accuracy in solving stiff problems. This block method not only reduces the total number of
computational steps but also maintains stability and accuracy. Several numerical methods have
been recently proposed for solving (1). Notable among these are the BBDF with an off-step point
[24], the hybrid BBDF [6], the diagonally implicit BBDF [13], the fixed coefficient BBDF [5], the
one-step method with three intermediate points [19], and the hybrid Nyström method [21]. All
these methods demonstrate commendable accuracy and computational efficiency.

Another well-known extension of the classical BDF method, widely used in nonlinear struc-
tural dynamics, is the class of composite time integration methods, also referred to as multi-sub-
step or multi-stage approaches. These methods involve partitioning each time step into multiple
sub-steps and applying distinct numerical schemes at each stage [22]. These methods attain up
to second-order accuracy by utilizing n sampling points within each time step. However, this in-
creases the dimension of the implicit system by a factor of n compared to the original problem,
leading to significantly higher computational costs [28]. Among the earliest contributions is the
Bathe method [2], which pioneered the n-sub-step composite framework. This method strategi-
cally uses the trapezoidal rule during the initial sub-steps, enabling the effective incorporation of
these results into the final sub-steps through a backward difference scheme. Following the in-
troduction of the Bathe method, various types of composite time integration methods have been
developed to enhance numerical performance using higher order sub-steps [8, 10].
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The TR-BDF2 composite scheme, introduced by Ying et al. [25], combines the trapezoidal
rule with the second-order backward differentiation formula (BDF2) to form a singly diagonally
implicit Runge-Kutta (SDIRK) method. This scheme offers a self-starting, high-order, one-step
alternative to traditional multi-step methods. Building on this, Gao et al. [3] developed two fully
implicit methods for solving bidomain equations: the backward Euler method and the composite
backward differentiation formula (CBDF2). The CBDF2 method integrates backward Euler as a
foundational component with the second-order BDF, ensuring L-stability. This approach enables
the use of larger timesteps, delivering improved accuracy and efficiency compared to backward
Euler, which requires smaller timesteps to maintain stability. More recently, Junaidi et al. [9] pro-
posed a composite method that combines implicit Euler and second-order BDFwith interpolation
for solving stiff ODEs, demonstrating improved accuracy relative to the classical BDF. However,
their work focused solely on composite schemes within single-stepmethods and did not extend to
multi-step blockmethods for stiffODEs. To date, few studies have explored the integration of com-
posite techniques within the frameworks of multi-step block methods, which hold potential for
greater accuracy and stability in solving (1). This gap highlights a significant limitation in current
numerical methods for stiff ODEs. Motivated by these insights, the present study aims to derive
the self-starting composite block backward differentiation formula of order four, CBBDF(4), to
solve stiff ODEs with enhanced accuracy and stability. The proposed method not only produces a
block of approximations at two points simultaneously but also converges with larger integration
steps.

This paper is organized as follows. In Section 2, the governing formulations of the CBBDF(4) is
presented. Then, the order of the method and its properties, including convergence and stability,
are discussed in Section 3. The detailed implementation of the method is provided in Section 4.
Numerical simulations for linear and nonlinear of first order stiff IVPs are conducted in Section 5.
Lastly, the conclusions are drawn in Section 6.

2 Formulation of the Method

In thiswork, theCBBDF(4) scheme is developed through three sequential sub-steps. In the first
and second stages, Euler’s method is utilized to calculate the intermediate points in the previous
block. These calculated points are then used to implement the predictor-corrector method of two-
point CBBDF(4), which has an order of four, in the third stage, as illustrated in Figure 1.

Figure 1: The interpolating points of the CBBDF(4).

The step size for the first point is split into three sub-steps: the intervals, [xn, xn+γ1
],

[xn+γ1 , xn+γ1+γ2 ] and [xn+γ1+γ2 , xn+1]; in contrast, the second point employs a constant step size
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over the interval [xn+1, xn+2], where h denotes the integration step size, and the parameters γ1
and γ2 serve as independent parameters at the intermediate points xn+γ1

and xn+γ1+γ2
. In the

context of interpolation, the CBBDF(4) method’s strategy involves utilizing intermediate points
within the set of interpolating points. This approach enhances the accuracy and stability of the
solution by considering additional points between the primary interpolation nodes. By incorpo-
rating these intermediate points, the method can better capture the behavior of the underlying
function, leading to more precise interpolations. The composite block scheme to be formulated is
a k-linear multi-sub-step method (LMM) defined as follows,

k−3∑︂
j=0

Ajyn+j +Aγ1yn+γ1 +Aγ1+γ2yn+γ1+γ2 = h

⎡⎣k−3∑︂
j=0

Bjfn+j +Bγ1fn+γ1 +Bγ1+γ2fn+γ1+γ2

⎤⎦ .

(2)

The coefficients Aj , Aγ1
, Aγ1+γ2

, Bj , Bγ1
, and Bγ1+γ2

are constants that satisfy the conditions
Ak−3 ̸= 0 and that not both A0 and B0 are zero simultaneously. The LMM described in (2) is
classified as explicit when Bk−3 = 0, and it is considered implicit if Bk−3 ̸= 0.

The local approximation of CBBDF(4) is obtained using the Lagrange interpolating polyno-
mial, Pk (x) of degree k = 5 by considering two intermediate points in the interpolating among the
interpolation nodes. The general expression for the Lagrange interpolating polynomial is given
by,

Pk (x) =

k−3∑︂
j=0

Lk,j (x) y (xn+2−j) + Lk,γ1 (x) y (xn+γ1) + Lk,γ1+γ2 (x) y (xn+γ1+γ2) , (3)

whereas

Lk,j (x) =

⎛⎝ k−3∏︂
i=0,i̸=j

(x− xn+2−i)

(xn+2−j − xn+2−i)
· (x− xn+γ1

)

(xn+2−j − xn+γ1
)
· (x− xn+γ1+γ2

)

(xn+2−j − xn+γ1+γ2
)

⎞⎠ and

Lk,γ1
(x) =

k−3∏︂
i=0

(x− xn+2−i)

(xn+γ1
− xn+2−i)

, Lk,γ1+γ2
(x) =

k−3∏︂
i=0

(x− xn+2−i)

(xn+γ1+γ2
− xn+2−i)

,

for j = 0, . . . , k − 3.

2.1 Derivation of the method for the first and second stages

To calculate the intermediate values yn+γ1 and yn+γ1+γ2 , the process involves two stages of
interpolation based on the principles of Euler’s method,

Stage 1: Interpolating between points xn and xn+γ1
.

Stage 2: Interpolating between points xn+γ1 and xn+γ1+γ2 .

The resulting polynomial from these interpolations can be expressed as follows,

G1 (x) =
(x− xn+γ1

)

(xn − xn+γ1)
yn +

(x− xn)

(xn+γ1 − xn)
yn+γ1 ,

G2 (x) =
(x− xn+γ1+γ2

)

(xn+γ1
− xn+γ1+γ2

)
yn+γ1

+
(x− xn+γ1)

(xn+γ1+γ2
− xn+γ1

)
yn+γ1+γ2

,

(4)
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whereG1(x) andG2(x) are the interpolations for the first and second stages, respectively. Replac-
ing x = sh+ xn+γ1

into (4) yields the following results,

G1 (sh+ xn+γ1
) =

(sh+ xn+γ1
− xn+γ1

)

(xn − xn+γ1
)

yn +
(sh+ xn+γ1

− xn)

(xn+γ1
− xn)

yn+γ1
,

G2 (sh+ xn+γ1) =
(sh+ xn+γ1 − xn+γ1+γ2)

(xn+γ1 − xn+γ1+γ2)
yn+γ1 +

(sh+ xn+γ1
− xn+γ1

)

(xn+γ1+γ2 − xn+γ1)
yn+γ1+γ2 .

(5)

Once the Lagrange basis polynomials in (5) are simplified, differentiating them with respect to s
will lead to

G′
1 (sh+ xn+γ1

) = −
(︃

1

γ1

)︃
yn +

(︃
1

γ1

)︃
yn+γ1

,

G′
2 (sh+ xn+γ1

) = −
(︃

1

γ2

)︃
yn+γ1 +

(︃
1

γ2

)︃
yn+γ1+γ2 .

(6)

Evaluating (6) at s = −γ1 and s = 0, respectively; followed by considering hfn = G′
1 (xn) and

hfn+γ1
= G′

2 (xn+γ1
)will produce the Stage 1 and Stage 2 formulas,

yn+γ1
= yn + γ1hfn,

yn+γ1+γ2
= yn+γ1

+ γ2hfn+γ1
.

(7)

2.2 Derivation of the method for the third stagen

The approximation solutions of yn+1 and yn+2 are determined using the points xn, xn+γ1 ,
xn+γ1+γ2 , xn+1 and xn+2. The Lagrange interpolating polynomial has the form,

P (x) =
(x− xn+γ1

) (x− xn+γ1+γ2
) (x− xn+1) (x− xn+2)

(xn − xn+γ1) (xn − xn+γ1+γ2) (xn − xn+1) (xn − xn+2)
yn

+
(x− xn) (x− xn+γ1+γ2

) (x− xn+1) (x− xn+2)

(xn+γ1 − xn) (xn+γ1 − xn+γ1+γ2) (xn+γ1 − xn+1) (xn+γ1 − xn+2)
yn+γ1

+
(x− xn) (x− xn+γ1

) (x− xn+1) (x− xn+2)

(xn+γ1+γ2
− xn) (xn+γ1+γ2

− xn+γ1
) (xn+γ1+γ2

− xn+1) (xn+γ1+γ2
− xn+2)

yn+γ1+γ2

+
(x− xn) (x− xn+γ1

) (x− xn+γ1+γ2
) (x− xn+2)

(xn+1 − xn) (xn+1 − xn+γ1
) (xn+1 − xn+γ1+γ2

) (xn+1 − xn+2)
yn+1

+
(x− xn) (x− xn+γ1

) (x− xn+γ1+γ2
) (x− xn+1)

(xn+2 − xn) (xn+2 − xn+γ1
) (xn+2 − xn+γ1+γ2

) (xn+2 − xn+1)
yn+2.

(8)
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Substitute x = sh+ xn+γ1
into (8) yields,

P (sh+ xn+γ1)

=
(sh+ xn+γ1 − xn+γ1) (sh+ xn+γ1 − xn+γ1+γ2) (sh+ xn+γ1 − xn+1) (sh+ xn+γ1 − xn+2)

(xn − xn+γ1) (xn − xn+γ1+γ2) (xn − xn+1) (xn − xn+2)
yn

+
(sh+ xn+γ1 − xn) (sh+ xn+γ1 − xn+γ1+γ2) (sh+ xn+γ1 − xn+1) (sh+ xn+γ1 − xn+2)

(xn+γ1 − xn) (xn+γ1 − xn+γ1+γ2) (xn+γ1 − xn+1) (xn+γ1 − xn+2)
yn+γ1

+
(sh+ xn+γ1 − xn) (sh+ xn+γ1 − xn+γ1) (sh+ xn+γ1 − xn+1) (sh+ xn+γ1 − xn+2)

(xn+γ1+γ2 − xn) (xn+γ1+γ2 − xn+γ1) (xn+γ1+γ2 − xn+1) (xn+γ1+γ2 − xn+2)
yn+γ1+γ2

+
(sh+ xn+γ1 − xn) (sh+ xn+γ1 − xn+γ1) (sh+ xn+γ1 − xn+γ1+γ2) (sh+ xn+γ1 − xn+2)

(xn+1 − xn) (xn+1 − xn+γ1) (xn+1 − xn+γ1+γ2) (xn+1 − xn+2)
yn+1

+
(sh+ xn+γ1 − xn) (sh+ xn+γ1 − xn+γ1) (sh+ xn+γ1 − xn+γ1+γ2) (sh+ xn+γ1 − xn+1)

(xn+2 − xn) (xn+2 − xn+γ1) (xn+2 − xn+γ1+γ2) (xn+2 − xn+1)
yn+2.

(9)

Taking the first derivative of (9) with respect to s, and subsequently replacing s by 1 − γ1 and
2− γ1, respectively, leads to the following equations,

P ′ (xn+1) =

(︃
2γ1 + γ2 − γ2

1 − γ1γ2 − 1

2γ1 (γ1 + γ2)

)︃
yn +

(︃
1− γ1 − γ2

γ1γ2 (γ1 − 1) (γ1 − 2)

)︃
yn+γ1

+

(︃
γ1 − 1

(γ1 + γ2) γ2 (γ1 + γ2 − 1) (γ1 + γ2 − 2)

)︃
yn+γ1+γ2

+

(︃
2− 2γ1 − γ2

(γ1 − 1) (γ1 + γ2 − 1)

)︃
yn+1 +

(︃
1− 2γ1 + γ2

1 − γ2 + γ1γ2
2 (γ1 − 2) (γ1 + γ2 − 2)

)︃
yn+2,

(10)

and

P ′ (xn+2) =

(︃
4− 4γ1 − 2γ2 + γ2

1 + γ1γ2
2γ1 (γ1 + γ2)

)︃
yn +

(︃
2 (γ1 + γ2 − 2)

γ1γ2 (γ1 − 1) (γ1 − 2)

)︃
yn+γ1

+

(︃
2 (2− γ1)

(γ1 + γ2) γ2 (γ1 + γ2 − 1) (γ1 + γ2 − 2)

)︃
yn+γ1+γ2

+

(︄
2
(︁
4γ1 + 2γ2 − γ2

1 − γ1γ2 − 4
)︁

(γ1 − 1) (γ1 + γ2 − 1)

)︄
yn+1

+

(︃
20− 16γ1 + 3γ2

1 − 8γ2 + 3γ1γ2
2 (γ1 − 2) (γ1 + γ2 − 2)

)︃
yn+2.

(11)

Consider hfn+1,n+2 = P ′ (xn+1,n+2) in (10) and (11) gives,

y
(c)
n+1 =

(︄(︁
2γ1 + γ2 − γ2

1 − γ1γ2 − 1
)︁
(γ1 − 1) (γ1 + γ2 − 1)

2γ1 (γ1 + γ2) (2γ1 + γ2 − 2)

)︄
yn

+

(︃
(1− γ1 − γ2) (γ1 + γ2 − 1)

γ1γ2 (γ1 − 2) (2γ1 + γ2 − 2)

)︃
yn+γ1

+

(︃
(γ1 − 1) (γ1 − 1)

(γ1 + γ2) γ2 (γ1 + γ2 − 2) (2γ1 + γ2 − 2)

)︃
yn+γ1+γ2

+

(︄(︁
1− 2γ1 + γ2

1 − γ2 + γ1γ2
)︁
(γ1 − 1) (γ1 + γ2 − 1)

2 (γ1 − 2) (γ1 + γ2 − 2) (2γ1 + γ2 − 2)

)︄
yn+2

+

(︃
(γ1 − 1) (γ1 + γ2 − 1)

2− 2γ1 − γ2

)︃
hfn+1,

(12)
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and

y
(c)
n+2 =

(︄(︁
4γ1 + 2γ2 − γ2

1 − γ1γ2 − 4
)︁
(γ1 − 2) (γ1 + γ2 − 2)

γ1 (γ1 + γ2) (20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2)

)︄
yn

+

(︃
4 (2− γ1 − γ2) (γ1 + γ2 − 2)

γ1γ2 (γ1 − 1) (20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2)

)︃
yn+γ1

+

(︃
4 (γ1 − 2) (γ1 − 2)

(γ1 + γ2) γ2 (γ1 + γ2 − 1) (20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2)

)︃
yn+γ1+γ2

+

(︄
4
(︁
4− 4γ1 − 2γ2 + γ2

1 + γ1γ2
)︁
(γ1 − 2) (γ1 + γ2 − 2)

(γ1 − 1) (γ1 + γ2 − 1) (20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2)

)︄
yn+1

+

(︃
2 (γ1 − 2) (γ1 + γ2 − 2)

20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2

)︃
hfn+2.

(13)

The CBBDF(4) method is implemented through a predictor-corrector approach. To determine the
solutions for y(c)n+1 and y

(c)
n+2, as derived in (12) and (13), it is essential to first obtain the predicted

values. The predictor formulas are constructed from the points xn, xn+γ1 and xn+γ1+γ2 . The
polynomial can be expressed as,

Q (x) =
(x− xn+γ1

) (x− xn+γ1+γ2
)

(xn − xn+γ1) (xn − xn+γ1+γ2)
yn +

(x− xn) (x− xn+γ1+γ2
)

(xn+γ1 − xn) (xn+γ1 − xn+γ1+γ2)
yn+γ1

+
(x− xn) (x− xn+γ1

)

(xn+γ1+γ2
− xn) (xn+γ1+γ2

− xn+γ1
)
yn+γ1+γ2

.

(14)

The formulation of (14) resembles the derivation of (12) and (13), but it excludes the differentia-
tion step. As a result, the predictor formulas for y(p)n+1 and y

(p)
n+2 take the form,

y
(p)
n+1 =

(︃
1− 2γ1 − γ2 + γ2

1 + γ1γ2
γ1 (γ1 + γ2)

)︃
yn +

(︃
γ1 + γ2 − 1

γ1γ2

)︃
yn+γ1

+

(︃
γ1 − 1

γ2 (γ1 + γ2)

)︃
yn+γ1+γ2 ,

y
(p)
n+2 =

(︃
4− 4γ1 − 2γ2 + γ2

1 + γ1γ2
γ1 (γ1 + γ2)

)︃
yn +

(︃
2 (γ1 + γ2 − 2)

γ1γ2

)︃
yn+γ1

+

(︃
2 (γ1 − 2)

γ2 (γ1 + γ2)

)︃
yn+γ1+γ2 .

(15)

3 Properties of the Method

This section focuses on discussing the properties of the CBBDF(4) method. Key aspects in-
clude the order of the developed method, as well as its zero-stability and consistency: the essen-
tial conditions for the method’s convergence. Additionally, the region of absolute stability of the
CBBDF(4) method will be examined to assess its effectiveness in solving stiff ODEs.
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3.1 Order and error constant

Definition 3.1. The LMM associated with the linear difference operator is said to be of order q if C0 =
C1 = · · · = Cq = 0 and the error constant, Cq+1 ̸= 0.

To assess the consistency of the method, the order of the method will first be determined. By
rearranging (12) and (13), the following equation is obtained,

yn+1 −

(︄(︁
2γ1 + γ2 − γ2

1 − γ1γ2 − 1
)︁
(γ1 − 1) (γ1 + γ2 − 1)

2γ1 (γ1 + γ2) (2γ1 + γ2 − 2)

)︄
yn

−
(︃

(1− γ1 − γ2) (γ1 + γ2 − 1)

γ1γ2 (γ1 − 2) (2γ1 + γ2 − 2)

)︃
yn+γ1

−
(︃

(γ1 − 1) (γ1 − 1)

(γ1 + γ2) γ2 (γ1 + γ2 − 2) (2γ1 + γ2 − 2)

)︃
yn+γ1+γ2

−

(︄(︁
1− 2γ1 + γ2

1 − γ2 + γ1γ2
)︁
(γ1 − 1) (γ1 + γ2 − 1)

2 (γ1 − 2) (γ1 + γ2 − 2) (2γ1 + γ2 − 2)

)︄
yn+2

=

(︃
(γ1 − 1) (γ1 + γ2 − 1)

2− 2γ1 − γ2

)︃
hfn+1,

(16)

yn+2 −

(︄(︁
4γ1 + 2γ2 − γ2

1 − γ1γ2 − 4
)︁
(γ1 − 2) (γ1 + γ2 − 2)

γ1 (γ1 + γ2) (20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2)

)︄
yn

−
(︃

4 (2− γ1 − γ2) (γ1 + γ2 − 2)

γ1γ2 (γ1 − 1) (20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2)

)︃
yn+γ1

−
(︃

4 (γ1 − 2) (γ1 − 2)

(γ1 + γ2) γ2 (γ1 + γ2 − 1) (20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2)

)︃
yn+γ1+γ2

−

(︄
4
(︁
4− 4γ1 − 2γ2 + γ2

1 + γ1γ2
)︁
(γ1 − 2) (γ1 + γ2 − 2)

(γ1 − 1) (γ1 + γ2 − 1) (20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2)

)︄
yn+1

=

(︃
2 (γ1 − 2) (γ1 + γ2 − 2)

20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2

)︃
hfn+2.

(17)

The matrix form of (16) and (17) is given by,[︃
0 A0,1

0 A0,2

]︃ [︃
yn−1

yn

]︃
+

[︃
Aγ1,1 Aγ1+γ2,1

Aγ1,2 Aγ1+γ2,2

]︃ [︃
yn+γ1

yn+γ1+γ2

]︃
+

[︃
A1,1 A2,1

A1,2 A2,2

]︃ [︃
yn+1

yn+2

]︃
= h

[︃
0 0
0 0

]︃ [︃
fn−1

fn

]︃
+ h

[︃
0 0
0 0

]︃ [︃
fn+γ1

fn+γ1+γ2

]︃
+ h

[︃
B1,1 B2,1

B1,2 B2,2

]︃ [︃
fn+1

fn+2

]︃
,

(18)

where

A0 =

[︃
A0,1

A0,2

]︃
=

⎡⎢⎢⎣−
(︃
(2γ1+γ2−γ2

1−γ1γ2−1)(γ1−1)(γ1+γ2−1)

2γ1(γ1+γ2)(2γ1+γ2−2)

)︃
−
(︃
(4γ1+2γ2−γ2

1−γ1γ2−4)(γ1−2)(γ1+γ2−2)

γ1(γ1+γ2)(20−16γ1+3γ2
1−8γ2+3γ1γ2)

)︃
⎤⎥⎥⎦ ,

Aγ1
=

[︃
Aγ1,1

Aγ1,2

]︃
=

⎡⎢⎣ −
(︂

(1−γ1−γ2)(γ1+γ2−1)
γ1γ2(γ1−2)(2γ1+γ2−2)

)︂
−
(︃

4(2−γ1−γ2)(γ1+γ2−2)

γ1γ2(γ1−1)(20−16γ1+3γ2
1−8γ2+3γ1γ2)

)︃⎤⎥⎦ ,
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Aγ1+γ2 =

[︃
Aγ1+γ2,1

Aγ1+γ2,2

]︃
=

⎡⎢⎣ −
(︂

(γ1−1)(γ1−1)
(γ1+γ2)γ2(γ1+γ2−2)(2γ1+γ2−2)

)︂
−
(︃

4(γ1−2)(γ1−2)

(γ1+γ2)γ2(γ1+γ2−1)(20−16γ1+3γ2
1−8γ2+3γ1γ2)

)︃⎤⎥⎦ ,

A1 =

[︃
A1,1

A1,2

]︃
=

⎡⎣ 1

−
(︃

4(4−4γ1−2γ2+γ2
1+γ1γ2)(γ1−2)(γ1+γ2−2)

(γ1−1)(γ1+γ2−1)(20−16γ1+3γ2
1−8γ2+3γ1γ2)

)︃⎤⎦ ,

A2 =

[︃
A2,1

A2,2

]︃
=

⎡⎣−(︃ (1−2γ1+γ2
1−γ2+γ1γ2)(γ1−1)(γ1+γ2−1)

2(γ1−2)(γ1+γ2−2)(2γ1+γ2−2)

)︃
1

⎤⎦ ,

B0 =

[︃
0
0

]︃
, Bγ1

=

[︃
0
0

]︃
, Bγ1+γ2

=

[︃
0
0

]︃
,

B1 =

[︃
B1,1

B1,2

]︃
=

[︄(︂
(γ1−1)(γ1+γ2−1)

2−2γ1−γ2

)︂
0

]︄
, B2 =

[︃
B2,1

B2,2

]︃
=

[︄
0(︂

2(γ1−2)(γ1+γ2−2)
20−16γ1+3γ2

1−8γ2+3γ1γ2

)︂]︄
.

The linear difference, Li corresponding to the LMM in (2) can be expressed as,

L [y (x) ;h] =
∑︂
j

[Ajy (x+ jh)− hBjy
′ (x+ jh)], (19)

where j = 0, γ1, γ1 + γ2, 1, 2. By expanding the function y (x+ jh) and its derivative y′ (x+ jh) in
(19) around x using Taylor’s method, the following series is obtained,

L [y (x) , h] =
∑︂
j

Aj

[︄
y (x) +

jh

1!
y′ (x) +

(jh)
2

2!
y′′ (x) +

(jh)
3

3!
y′′′ (x) +

(jh)
4

4!
y(4) (x) + . . .

]︄

−
∑︂
j

hBj

[︄
y′ (x) +

jh

1!
y′′ (x) +

(jh)
2

2!
y′′′ (x) +

(jh)
3

3!
y(4) (x) + . . .

]︄

=
∑︂
j

[Aj ] y (x) +
∑︂
j

[jAj −Bj ]hy
′ (x) +

∑︂
j

[︃
1

2!
j2Aj − jBj

]︃
h2y′′ (x)

+
∑︂
j

[︃
1

3!
j3Aj −

1

2!
j2Bj

]︃
h3y′′′ (x) +

∑︂
j

[︃
1

4!
j4Aj −

1

3!
j3Bj

]︃
h4y(4) (x) + . . ..

(20)

By denoting the collected terms of y (x) and its derivative in (20) as Cq , where q = 0, 1, 2, . . ., the
order of the method and the error constant can be determined by substituting the associated set
of coefficients from (18) to achieve as follows,

C0 = A0 +Aγ1 +Aγ1+γ2 +A1 +A2 =

[︃
0
0

]︃
,

C1 = [(0 · (A0)) + (γ1 · (Aγ1
)) + ((γ1 + γ2) · (Aγ1+γ2

)) + (1 · (A1)) + (2 · (A2))]

− [B0 +Bγ1
+Bγ1+γ2

+B1 +B2]

=

[︃
0
0

]︃
,

C2 =
1

2

[︂(︁
02 · (A0)

)︁
+
(︁
γ1

2 · (Aγ1)
)︁
+
(︂
(γ1 + γ2)

2 · (Aγ1+γ2)
)︂
+
(︁
12 · (A1)

)︁
+
(︁
22 · (A2)

)︁]︂
− [(0 · (B0)) + (γ1 · (Bγ1

)) + ((γ1 + γ2) · (Bγ1+γ2
)) + (1 · (B1)) + (2 · (B2))]

=

[︃
0
0

]︃
,
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C3 =
1

6

[︂(︁
03 · (A0)

)︁
+
(︁
γ1

3 · (Aγ1
)
)︁
+
(︂
(γ1 + γ2)

3 · (Aγ1+γ2)
)︂
+
(︁
13 · (A1)

)︁
+
(︁
23 · (A2)

)︁]︂
− 1

2

[︂(︁
02 · (B0)

)︁
+
(︁
γ1

2 · (Bγ1)
)︁
+
(︂
(γ1 + γ2)

2 · (Bγ1+γ2)
)︂
+
(︁
12 · (B1)

)︁
+
(︁
22 · (B2)

)︁]︂
=

[︃
0
0

]︃
,

C4 =
1

24

[︂(︁
04 · (A0)

)︁
+
(︁
γ1

4 · (Aγ1)
)︁
+
(︂
(γ1 + γ2)

4 · (Aγ1+γ2)
)︂
+
(︁
14 · (A1)

)︁
+
(︁
24 · (A2)

)︁]︂
− 1

6

[︂(︁
03 · (B0)

)︁
+
(︁
γ1

3 · (Bγ1)
)︁
+
(︂
(γ1 + γ2)

3 · (Bγ1+γ2)
)︂
+
(︁
13 · (B1)

)︁
+
(︁
23 · (B2)

)︁]︂
=

[︃
0
0

]︃
,

C5 =
1

120

[︂(︁
05 · (A0)

)︁
+
(︁
γ1

5 · (Aγ1)
)︁
+
(︂
(γ1 + γ2)

5 · (Aγ1+γ2)
)︂
+
(︁
15 · (A1)

)︁
+
(︁
25 · (A2)

)︁]︂
− 1

24

[︂(︁
04 · (B0)

)︁
+
(︁
γ1

4 · (Bγ1
)
)︁
+
(︂
(γ1 + γ2)

4 · (Bγ1+γ2
)
)︂
+
(︁
14 · (B1)

)︁
+
(︁
24 · (B2)

)︁]︂
=

⎡⎣ − 1
120

(︂
6γ2

1+6γ1γ2−4γ1−2γ2+1−4γ3
1−6γ2

1γ2+γ4
1+2γ3

1γ2−2γ1γ
2
2+γ2

2+γ2
1γ

2
2

2γ1+γ2−2

)︂
− 1

30

(︂
24γ2

1+24γ1γ2−32γ1−16γ2+16−8γ3
1−12γ2

1γ2−4γ1γ
2
2+4γ2

2+γ4
1+2γ3

1γ2+γ2
1γ

2
2

20−16γ1+3γ2
1−8γ2+3γ1γ2

)︂⎤⎦ .

Based on Definition 3.1, it is found that C0 = C1 = C2 = C3 = C4 = [0, 0, 0, 0, 0]
T and C5 ̸= 0,

indicating that the CBBDF(4) method has an order of four with error constant as stated in C5.

3.2 Convergence properties

In this section, the convergence of theCBBDF(4) is investigated. To establish the convergence of
the method, it is necessary for it to satisfy the criteria of consistency and zero-stability, as outlined
in the following definitions.

Definition 3.2. The LMM is considered consistent if it has an order of q ≥ 1.

Since the CBBDF(4) method is of order four with q = 4 ≥ 1, therefore it is consistent by
Definition 3.2. Next, the zero-stability associated with CBBDF(4) is discussed.

Definition 3.3. The LMM is considered zero-stable if all roots of the first stability polynomial lie within
or on the unit circle, with no root having a modulus exceeding one, and any root located exactly on the unit
circle is simple.

The stability polynomial for the CBBDF(4) method is derived using a linear differential equa-
tion test represented as,

y′ = λy, (21)
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where λ < 0 is complex. By substituting (21) into (12) and (13) will lead to(︃
1−

(︃
(γ1 − 1) (γ1 + γ2 − 1)

2− 2γ1 − γ2

)︃
hλ

)︃
yn+1

−

(︄(︁
1− 2γ1 + γ2

1 − γ2 + γ1γ2
)︁
(γ1 − 1) (γ1 + γ2 − 1)

2 (γ1 − 2) (γ1 + γ2 − 2) (2γ1 + γ2 − 2)

)︄
yn+2

=

(︄(︁
2γ1 + γ2 − γ2

1 − γ1γ2 − 1
)︁
(γ1 − 1) (γ1 + γ2 − 1)

2γ1 (γ1 + γ2) (2γ1 + γ2 − 2)

)︄
yn

+

(︃
(1− γ1 − γ2) (γ1 + γ2 − 1)

γ1γ2 (γ1 − 2) (2γ1 + γ2 − 2)

)︃
yn+γ1

+

(︃
(γ1 − 1) (γ1 − 1)

(γ1 + γ2) γ2 (γ1 + γ2 − 2) (2γ1 + γ2 − 2)

)︃
yn+γ1+γ2

,

(22)

(︃
1−

(︃
2 (γ1 − 2) (γ1 + γ2 − 2)

20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2

)︃
hλ

)︃
yn+2

−

(︄
4
(︁
4− 4γ1 − 2γ2 + γ2

1 + γ1γ2
)︁
(γ1 − 2) (γ1 + γ2 − 2)

(γ1 − 1) (γ1 + γ2 − 1) (20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2)

)︄
yn+1

=

(︄(︁
4γ1 + 2γ2 − γ2

1 − γ1γ2 − 4
)︁
(γ1 − 2) (γ1 + γ2 − 2)

γ1 (γ1 + γ2) (20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2)

)︄
yn

+

(︃
4 (2− γ1 − γ2) (γ1 + γ2 − 2)

γ1γ2 (γ1 − 1) (20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2)

)︃
yn+γ1

+

(︃
4 (γ1 − 2) (γ1 − 2)

(γ1 + γ2) γ2 (γ1 + γ2 − 1) (20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2)

)︃
yn+γ1+γ2 .

(23)

Equations (22) and (23) can be expressed in matrix form, and by letting h̄ = λh generates,[︃
a11 a12
a21 a22

]︃ [︃
yn+1

yn+2

]︃
=

[︃
b11 b12
b21 b22

]︃ [︃
yn+γ1

yn+γ1+γ2

]︃
+

[︃
c11 c12
c21 c22

]︃ [︃
yn−1

yn

]︃
, (24)

where

a =

[︃
a11 a12
a21 a22

]︃

=

⎡⎢⎢⎣ 1−
(︂

(γ1−1)(γ1+γ2−1)
2−2γ1−γ2

)︂
h̄ −

(︃
(1−2γ1+γ2

1−γ2+γ1γ2)(γ1−1)(γ1+γ2−1)

2(γ1−2)(γ1+γ2−2)(2γ1+γ2−2)

)︃
−
(︃

4(4−4γ1−2γ2+γ2
1+γ1γ2)(γ1−2)(γ1+γ2−2)

(γ1−1)(γ1+γ2−1)(20−16γ1+3γ2
1−8γ2+3γ1γ2)

)︃
1−

(︂
2(γ1−2)(γ1+γ2−2)

20−16γ1+3γ2
1−8γ2+3γ1γ2

)︂
h̄

⎤⎥⎥⎦ ,

b =

[︃
b11 b12
b21 b22

]︃

=

⎡⎢⎣
(︂

(1−γ1−γ2)(γ1+γ2−1)
γ1γ2(γ1−2)(2γ1+γ2−2)

)︂ (︂
(γ1−1)(γ1−1)

(γ1+γ2)γ2(γ1+γ2−2)(2γ1+γ2−2)

)︂(︃
4(2−γ1−γ2)(γ1+γ2−2)

γ1γ2(γ1−1)(20−16γ1+3γ2
1−8γ2+3γ1γ2)

)︃ (︃
4(γ1−2)(γ1−2)

(γ1+γ2)γ2(γ1+γ2−1)(20−16γ1+3γ2
1−8γ2+3γ1γ2)

)︃⎤⎥⎦ ,

c =

[︃
c11 c12
c21 c22

]︃
=

⎡⎢⎢⎣0
(︃
(2γ1+γ2−γ2

1−γ1γ2−1)(γ1−1)(γ1+γ2−1)

2γ1(γ1+γ2)(2γ1+γ2−2)

)︃
0

(︃
(4γ1+2γ2−γ2

1−γ1γ2−4)(γ1−2)(γ1+γ2−2)

γ1(γ1+γ2)(20−16γ1+3γ2
1−8γ2+3γ1γ2)

)︃
⎤⎥⎥⎦ .
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Solve R
(︁
t, h̄, γ1, γ2

)︁
= det

(︁
at2 − bt− c

)︁
and set h̄ = 0 to obtain the stability polynomial for (24).

Then, solving for t gives,

t1 = 0, t2 = 1,

t3,4 = ±

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

± (−12γ1 − 12γ2 + 58γ1γ2 + 13γ2
1 + 29γ2

2 − 114γ2
1γ2 − 114γ1γ

2
2 + 116γ3

1γ2 + 174γ2
1γ

2
2

+ 68γ1γ
3
2 − 64γ4

1γ2 − 128γ3
1γ

2
2 − 76γ2

1γ
3
2 − 12γ1γ

4
2 + 45γ4

1γ
2
2 + 36γ3

1γ
3
2 + 9γ2

1γ
4
2 + 18γ2γ

5
1

− 2γ6
1γ2 − 6γ5

1γ
2
2 − 6γ4

1γ
3
2 − 2γ3

1γ
4
2 − 6γ3

1 + γ4
1 − 22γ3

2 + 5γ4
2) + (288γ1γ2 + 144γ2

1 + 144γ2
2

− 936γ2
1γ2 − 1320γ1γ

2
2 + 548γ3

1γ2 + 2678γ2
1γ

2
2 + 3556γ1γ

3
2 + 1660γ4

1γ2 − 2440γ3
1γ

2
2

− 8296γ2
1γ

3
2 − 5924γ1γ

4
2 + 4994γ4

1γ
2
2 + 20088γ3

1γ
3
2 + 16778γ2

1γ
4
2 − 3468γ5

1γ2 + 3004γ6
1γ2

− 13268γ5
1γ

2
2 − 44532γ4

1γ
3
2 − 42548γ3

1γ
4
2 + 18994γ6

1γ
2
2 + 64168γ5

1γ
3
2 + 73538γ4

1γ
4
2

− 1436γ7
1γ2 − 16812γ2

1γ
5
2 + 37548γ3

1γ
5
2 + 5604γ1γ

5
2 − 2860γ1γ

6
2 + 8466γ2

1γ
6
2 − 312γ3

1

+ 313γ4
1 − 696γ3

2 − 180γ5
1 + 1369γ4

2 − 1396γ5
2 + 774γ6

2 + 62γ6
1 − 12γ7

1 + γ8
1 + 396γ8

1γ2

− 57556γ6
1γ

3
2 − 15704γ7

1γ
2
2 − 78488γ5

1γ
4
2 − 50940γ4

1γ
5
2 − 15912γ3

1γ
6
2 − 60γ9

1γ2

+ 33040γ7
1γ

3
2 + 8134γ8

1γ
2
2 + 52498γ6

1γ
4
2 + 41476γ5

1γ
5
2 + 728γ1γ

7
2 − 2076γ2

1γ
7
2 + 16786γ4

1γ
6
2

+ 3160γ3
1γ

7
2 − 22340γ7

1γ
4
2 − 10260γ5

1γ
6
2 − 20748γ6

1γ
5
2 − 2508γ4

1γ
7
2 − 12300γ8

1γ
3
2 − 2724γ9

1γ
2
2

− 220γ7
2 + 25γ8

2 + 1096γ5
1γ

7
2 + 198γ2

1γ
8
2 − 228γ3

1γ
8
2 + 129γ4

1γ
8
2 − 1080γ8

1γ
5
2 − 252γ6

1γ
7
2

− 720γ7
1γ

6
2 − 36γ5

1γ
8
2 − 900γ9

1γ
4
2 − 396γ10

1 γ3
2 − 72γ1γ

8
2 + 4γ6

1γ
8
2 + 4γ12

1 γ2
2 + 60γ10

1 γ4
2

+ 24γ11
1 γ3

2 + 80γ9
1γ

5
2 − 72γ11

1 γ2
2 + 60γ8

1γ
6
2 + 24γ7

1γ
7
2 + 2900γ9

1γ
3
2 + 580γ10

1 γ2
2 + 5929γ8

1γ
4
2

+ 4γ10
1 γ2 + 6316γ7

1γ
5
2 + 3674γ6

1γ
6
2)

1
2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

2γ1γ2

(︄
76γ1γ

2
2 − 45γ3

1γ2 + 64γ3
1 − 9γ1γ

3
2 + 2γ5

1 + 6γ3
1γ

2
2 + 128γ2

1γ2 − 96γ2
1

− 144γ1γ2 + 6γ4
1γ2 − 48γ2

2 + 12γ3
2 − 36γ2

1γ
2
2 + 2γ2

1γ
3
2 + 48γ1 + 48γ2 − 18γ4

1

)︄ .

From the obtained roots, it is observed that roots t3 and t4 are associated with the parameters
γ1 and γ2. Therefore, an analysis of the relationship between these parameters and the roots is
deemed essential to satisfy the criteria for zero-stability as outlined in Definition 3.3. To facilitate
implementation, one of the parameters can be fixed. In this study, a specific value for γ1 will
be chosen. By setting γ1 to a constant value, the corresponding range of γ2 values that ensure
zero-stability for both roots t3 and t4 can be identified. Fixed values of γ1 at 25, 50, and 100 will
be considered. This approach allows for the examination of how the range of γ2 values behaves
graphically. Specifically, values of γ2 within the range of [−200, 200] will be analyzed to observe
their impact on the stability of the roots.

Figure 2: Graph of t3 versus γ2 for CBBDF(4) when γ1 = 25.
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Figure 3: Graph of t4 versus γ2 for CBBDF(4) when γ1 = 25.

Figures 2−3 illustrate that for γ1 = 25, the requirement |t3| ≤ 1 is fulfilled for all values of γ2
within the range (−∞,∞). Conversely, the condition |t4| ≤ 1 is met when γ2 is confined to the in-
tervals (−∞,−47.015)∪(−24.862,∞). By combining these criteria, the values of γ2 that guarantee
zero-stability for both roots t3 and t4 are expressed as γ2 ∈ (−∞,−47.015) ∪ (−24.862,∞).

Similarly, Figures 4−5 reveal that when γ1 = 50, the condition |t3| ≤ 1 remains valid for all
values of γ2 across the entire range of (−∞,∞). In this case, the condition for zero-stability of
root t4 is satisfied when γ2 falls within the intervals (−∞,−85.083) ∪ (−49.916,∞). Thus, the
corresponding values γ2 ∈ (−∞,−85.083) ∪ (−49.916,∞) guarantee stability for both roots.

Figure 4: Graph of t3 versus γ2 for CBBDF(4) when γ1 = 50.
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Figure 5: Graph of t4 versus γ2 for CBBDF(4) when γ1 = 50.

Figure 6: Graph of t3 versus γ2 for CBBDF(4) when γ1 = 100.

Figure 7: Graph of t4 versus γ2 for CBBDF(4) when γ1 = 100.
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Finally, Figures 6−7 depict that for a value of γ1 = 100, the condition |t3| ≤ 1 continues to
hold for all values of γ2 in the range of (−∞,∞). Meanwhile, the stability condition for root t4
is satisfied when γ2 lies within the intervals of (−∞,−141.216) ∪ (−99.865,∞). Therefore, after
merging these conditions, the values of γ2 that ensure zero-stability for both roots are expressed
as γ2 ∈ (−∞,−141.216) ∪ (−99.865,∞).

Theorem 3.1. The conditions required for the LMM to achieve convergence are that it must be both con-
sistent and zero-stable.

Proof. Since both the conditions of consistency and zero-stability have been satisfied in the pre-
vious analysis, it is concluded that the CBBDF(4) method converges and is appropriate for the
numerical integration of first-order stiff ODEs.

3.3 Absolute stability region

The stability of implicit numericalmethods for stiff IVPs is crucial for avoiding numerical insta-
bilities and ensuring accurate, reliable solutions. One of the key criteria for evaluating the robust-
ness of these methods is A−stability, which facilitates efficient simulations of problems involving
disparate timescales. The definition for A−stability is given as follows;

Definition 3.4. The LMM is said to be A−stable (also known as stiffly stable) if the stable region covers
the entire negative complex plane.

According to the literature, the boundary locus technique is regarded as the most widely used
and convenient method for identifying the region of absolute stability. The boundary can be es-
tablished by substituting the set of points t = eiθ, where |t| ≤ 1 and θ ranges from 0 to 2π. Con-
sequently, the stability region graphs are plotted using Maple software. Based on the previous
analysis of zero-stability, a broad range of intervals for γ1 and γ2 are identified that satisfy the
properties of zero-stability. Consequently, specific values of γ1 and γ2 will be emphasized in this
study to illustrate the A−stability region. The chosen values for γ1 and γ2 are 25, 50 and 100, with
both parameters set equal. These values will be utilized to analyze their A−stability behavior. It
should be noted that the stability regions for other values of γ1 and γ2 are not presented in this
study, as no significant differences are observed.

Figure 8 illustrates the stability regions for the BBDF and CBBDF(4) methods with parameters
γ1 = γ2 = 25, γ1 = γ2 = 50 and γ1 = γ2 = 100. The graphs indicate that the stable region lies
outside the boundary defined by the diamond-shaped line, while the unstable region is contained
within it. Notably, the CBBDF(4) method demonstrates a smaller unstable region compared to
the BBDF method, indicating enhanced stability characteristics. According to Definition 3.4, the
CBBDF(4) method is classified asA−stable, as its stability region encompasses the entire negative
half-plane.
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Figure 8: The graphs of stability regions for BBDF and CBBDF(4).

4 Implementation of the Method

The CBBDF(4) method in the third stage is implemented within a predictor-corrector com-
putational framework. Before advancing to this stage, it is necessary to compute the intermediate
values, yn+γ1

and yn+γ1+γ2
, which serve as crucial inputs for determining the future solutions yn+1

and yn+2. To obtain these intermediate values, Euler’s method is employed during the first and
second stages. This approach provides a solid foundation for the subsequent calculations. Once
the intermediate values are established, they are used to predict the future solutions, as outlined
in (15). The predicted values can then be refined using the corrector formula associated with the
CBBDF(4) method in (12) and (13). This refinement process is conducted through the applica-
tion of Newton’s method, which is particularly effective for integrating stiff ODEs. The general
formulation of Newton’s iteration for the CBBDF(4) is written as,

y
(i+1)
n+1,n+2 = y

(i)
n+1,n+2 −

⎡⎣ F̂1,2

(︂
y
(i)
n+1,n+2

)︂
F̂ ′

1,2

(︂
y
(i)
n+1,n+2

)︂
⎤⎦ , (25)

where the notation (i) and (i+ 1) represent the previous and current iterations, respectively and

F̂1 = yn+1 −

(︄(︁
1− 2γ1 + γ2

1 − γ2 + γ1γ2
)︁
(γ1 − 1) (γ1 + γ2 − 1)

2 (γ1 − 2) (γ1 + γ2 − 2) (2γ1 + γ2 − 2)

)︄
yn+2

−
(︃
(γ1 − 1) (γ1 + γ2 − 1)

2− 2γ1 − γ2

)︃
hfn+1 − ξ1,

F̂2 = yn+2 −

(︄
4
(︁
4− 4γ1 − 2γ2 + γ2

1 + γ1γ2
)︁
(γ1 − 2) (γ1 + γ2 − 2)

(γ1 − 1) (γ1 + γ2 − 1) (20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2)

)︄
yn+1

−
(︃

2 (γ1 − 2) (γ1 + γ2 − 2)

20− 16γ1 + 3γ2
1 − 8γ2 + 3γ1γ2

)︃
hfn+2 − ξ2,
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with ξ1 and ξ2 are the intermediate values in the previous block. To clarify the notation, we define,

e
(i+1)
n+1,n+2 = y

(i+1)
n+1,n+2 − y

(i)
n+1,n+2, (26)

where e(i+1)
n+1,n+2 represents the difference between the values of yn+1,n+2 at the (i)th and (i+ 1)

th

iterations. Substituting (26) into (25) allows Newton’s iteration formula to be rearranged and
expressed as,

F̂ ′
1,2

(︂
y
(i)
n+1,n+2

)︂
·
[︂
e
(i+1)
n+1,n+2

]︂
= −F̂1,2

(︂
y
(i)
n+1,n+2

)︂
. (27)

The matrix form of (27) becomes,⎡⎢⎢⎣ 1−
(︂

(γ1−1)(γ1+γ2−1)
2−2γ1−γ2

)︂
h∂fn+1

∂yn+1
−
(︃
(1−2γ1+γ2

1−γ2+γ1γ2)(γ1−1)(γ1+γ2−1)

2(γ1−2)(γ1+γ2−2)(2γ1+γ2−2)

)︃
−
(︃

4(4−4γ1−2γ2+γ2
1+γ1γ2)(γ1−2)(γ1+γ2−2)

(γ1−1)(γ1+γ2−1)(20−16γ1+3γ2
1−8γ2+3γ1γ2)

)︃
1−

(︂
2(γ1−2)(γ1+γ2−2)

20−16γ1+3γ2
1−8γ2+3γ1γ2

)︂
h∂fn+2

∂yn+2

⎤⎥⎥⎦
[︄
e
(i+1)
n+1

e
(i+1)
n+2

]︄

=

⎡⎢⎢⎣ −1

(︃
(1−2γ1+γ2

1−γ2+γ1γ2)(γ1−1)(γ1+γ2−1)

2(γ1−2)(γ1+γ2−2)(2γ1+γ2−2)

)︃
(︃

4(4−4γ1−2γ2+γ2
1+γ1γ2)(γ1−2)(γ1+γ2−2)

(γ1−1)(γ1+γ2−1)(20−16γ1+3γ2
1−8γ2+3γ1γ2)

)︃
−1

⎤⎥⎥⎦
[︄
y
(i)
n+1

y
(i)
n+2

]︄

+ h

⎡⎣(︂ (γ1−1)(γ1+γ2−1)
2−2γ1−γ2

)︂
0

0
(︂

2(γ1−2)(γ1+γ2−2)
20−16γ1+3γ2

1−8γ2+3γ1γ2

)︂⎤⎦[︄f (i)
n+1

f
(i)
n+2

]︄
+

[︃
ξ1
ξ2

]︃
.

(28)

The algorithm developed is conducting using PECE (predict-evaluate-correct-evaluate) mode.
Therefore, the following steps are carried out;

Step 1: The predicted values are computed using the predictor formulas.
P : y

(p)
n+1,n+2.

Step 2: The predicted values are used to find the derivatives.
E : y′n+1,n+2 = f

(︂
xn+1,n+2, y

(p)
n+1,n+2

)︂
.

Step 3: The iteration matrices are applied to find the increments.
C : y

(c)
n+1,n+2.

Step 4: The corrected values are used to evaluate the values of derivatives.
E : y′n+1,n+2 = f

(︂
xn+1,n+2, y

(c)
n+1,n+2

)︂
.

5 Numerical Results and Discussions

In this study, the newly developed method, CBBDF(4), will be employed to approximate the
solutions for both single equations and systems of linear and non-linear stiff IVPs using step sizes
of 10−1, 10−3 and 10−5. The computed numerical results will be compared with those obtained
from the existing 2-point BBDF method to evaluate the performance of the new composite block
scheme in terms of maximum error, average error and computational time. The 2-point BBDF
method is chosen because it is a pioneer and well-known method in the family of multistep block
methods, making it an ideal benchmark for comparing the performance of the new composite
block scheme. The selected values of the independent parameters, γ1 and γ2, are 25, 50 and 100,
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which have been shown to have A−stability characteristics. Tables 1−4 present the numerical
approximations for each test problem. To visually illustrate the results, graphs of log(h) against
log(MAXE) and log(TIME) against log(MAXE) are shown in Figures 9−16. The tables use the
following notations:

h : Step size.
γ1 : Independent parameter in the first stage of CBBDF(4).
γ2 : Independent parameter in the second stage of CBBDF(4).
BBDF : 2-point block backward differentiation formula by [7].
CBBDF(4) : Three-sub-steps composite block backward differentiation formula of

order four.
MAXE : Maximum error.
AVE : Average error.
TIME : Computational time (in seconds).

Example 5.1. The cosine problem is formulated as follows,

y′ (x) = −2π sin (2πx)− 1

ϵ
(y − cos (2πx)) ,

where ϵ = 10−3. The initial condition is given by y (0) = 1, and the problem is defined over the range
x ∈ [0, 10]. The exact solution to this equation is y (x) = cos (2πx). The eigenvalue of the Jacobian matrix
associated with this equation is λ = −1000. As ϵ approaches zero, this cosine problem becomes increasingly
stiff, thus classifying it as a highly stiff ODEs.
Source: [12]

Example 5.2. This test problem involves a non-linear mildly stiff ODEs with oscillating solutions over the
range x ∈ [0, 3], defined as follows,

y′ (x) = 100 (sin (x)− y) .

The initial condition is specified as y (0) = 0. The eigenvalue associated with this equation is λ = −100.
The theoretical solution to this differential equation is expressed as,

y (x) =
sin (x)− 0.01 cos (x) + 0.01e−100x

1.0001
.

Source: [14]

Example 5.3. Consider a system of linear equations which is classified as mildly stiff ODEs defined over
the interval x ∈ [0, 10]. The equations are expressed as follows,

y1
′ (x) = 198y1 + 199y2,

y2
′ (x) = −398y1 − 399y2.

The exact solutions to this system are given by,

y1 (x) = e−x,

y2 (x) = −e−x.

The initial conditions are specified as y1 (0) = 1 and y2 (0) = −1. The eigenvalues associated with this
system are given by λ1 = −1 and λ2 = −200.
Source: [26]
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Example 5.4. This test problem also consists of a system of linear mildly stiff ODEs defined over the interval
x ∈ [0, 10]. The equations are as follows,

y1
′ (x) = −100y1 + 9.901y2,

y2
′ (x) = 0.1y1 − y2.

The theoretical solutions for this system are given by,

y1 (x) = e−0.99x,

y2 (x) = 10e−0.99x.

The initial conditions for this problem are y1 (0) = 1 and y2 (0) = 10. The eigenvalues associated with this
system are λ1 = −0.99 and λ2 = −100.01.
Source: [15]

Table 1: Numerical results for Example 5.1.

h Method γ1 γ2 MAXE AVE TIME
10−1 BBDF - - 3.80769e+014 1.46501e+013 0.001959

CBBDF(4) 25 25 9.86614e-003 3.20069e-003 0.001161
25 50 2.54025e-003 1.27628e-003 0.000929
25 100 1.11552e-003 5.58448e-004 0.000396
50 25 6.07163e+000 6.97518e-001 0.000348
50 50 3.83952e-003 1.89955e-003 0.000411
50 100 1.64141e-003 8.07837e-004 0.000374
100 25 1.08516e-002 3.74793e-003 0.000411
100 50 4.63403e-003 2.11430e-003 0.000338
100 100 2.28738e-003 1.09418e-003 0.000367

10−3 BBDF - - 1.01029e+064 4.05835e+061 0.002541
CBBDF(4) 25 25 4.32939e-006 1.40646e-006 0.018117

25 50 2.09464e-006 6.76399e-007 0.011730
25 100 1.30234e-006 4.17693e-007 0.011886
50 25 7.13327e-006 2.29832e-006 0.011706
50 50 3.31705e-006 1.06810e-006 0.015586
50 100 1.35533e-006 4.35226e-007 0.011673
100 25 1.09042e-005 3.49370e-006 0.011741
100 50 6.40748e-006 2.05214e-006 0.012977
100 100 2.85186e-006 9.13394e-007 0.011668

10−5 BBDF - - 7.89552e-007 5.02563e-007 0.282675
CBBDF(4) 25 25 1.72878e-008 1.09229e-008 1.172617

25 50 1.36535e-008 8.62639e-009 1.165852
25 100 1.16733e-008 7.37511e-009 1.170962
50 25 1.05536e-008 6.66786e-009 1.164631
50 50 7.91294e-009 4.99938e-009 1.179072
50 100 6.20632e-009 3.92109e-009 1.153965
100 25 6.94529e-009 4.38798e-009 1.168986
100 50 5.30804e-009 3.35357e-009 1.169792
100 100 3.88745e-009 2.45603e-009 1.170312

815



B. A. Jaafar and I. S. Mohd Zawawi Malaysian J. Math. Sci. 20(2): 797–825(2026) 797 - 825

From Table 1, it can be observed that for a step size of h = 10−1, the maximum error is mini-
mized when using parameters γ1 = 25 and γ2 = 100, while the larger error occurs with γ1 = 50
and γ2 = 25. When the step size is reduced to h = 10−3, CBBDF(4) demonstrates improved ac-
curacy with parameters γ1 = 25 and γ2 = 100; however, the less accurate results are observed
with both parameters set to γ1 = 100 and γ2 = 25. For an even smaller step size of h = 10−5, the
proposed method yields stronger results with parameters γ1 = 100 and γ2 = 100, whereas the
weaker performance is noted with γ1 = 25 and γ2 = 25.

Figure 9: Accuracy graph for Example 5.1.

Figure 10: Efficiency graph for Example 5.1.
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Table 2: Numerical results for Example 5.2.

h Method γ1 γ2 MAXE AVE TIME
10−1 BBDF - - 2.20355e+003 3.14415e+002 0.000075

CBBDF(4) 25 25 9.07150e-004 4.48382e-004 0.000834
25 50 4.46571e-004 1.59219e-004 0.000817
25 100 4.82882e-004 7.36945e-005 0.000616
50 25 1.17552e-003 5.45056e-004 0.000472
50 50 5.66790e-004 2.41237e-004 0.000321
50 100 5.32487e-004 1.05782e-004 0.000364
100 25 9.08550e-004 4.63750e-004 0.000538
100 50 5.43023e-004 2.77501e-004 0.000327
100 100 5.33897e-004 1.38062e-004 0.000341

10−3 BBDF - - 5.67110e-004 1.78110e-005 0.015676
CBBDF(4) 25 25 9.43078e-006 3.84706e-007 0.006373

25 50 6.12461e-006 2.73561e-007 0.010773
25 100 4.33133e-006 2.19250e-007 0.019829
50 25 3.07588e-006 2.76994e-007 0.005132
50 50 8.34234e-007 1.66250e-007 0.014490
50 100 6.33008e-007 1.12652e-007 0.012525
100 25 6.06589e-007 2.61113e-007 0.008763
100 50 1.79507e-006 1.82796e-007 0.012728
100 100 2.84885e-006 1.20044e-007 0.012460

10−5 BBDF - - 7.33991e-006 1.98408e-007 0.261936
CBBDF(4) 25 25 1.57952e-007 4.27728e-009 0.574851

25 50 1.25883e-007 3.40910e-009 0.484129
25 100 1.08002e-007 2.92564e-009 0.485253
50 25 9.19015e-008 2.50090e-009 0.536899
50 50 7.06918e-008 1.92285e-009 0.669888
50 100 5.65001e-008 1.53690e-009 0.584927
100 25 5.43060e-008 1.49355e-009 0.602972
100 50 4.32073e-008 1.18684e-009 0.663891
100 100 3.32433e-008 9.12181e-010 0.594253

From Table 2, when the step size is set to h = 10−1, the parameters that result in better min-
imization of the maximum error are identified as γ1 = 25 and γ2 = 50. Conversely, the more
significant maximum error arises with the parameters γ1 = 50 and γ2 = 25. As the step size is
refined to h = 10−3, the configuration yielding amore favorable maximum error shifts to γ1 = 100
and γ2 = 25, while the less favorable outcome is observed with both parameters set to γ1 = 25
and γ2 = 25. Further reducing the step size to h = 10−5 reveals that improved performance is
achieved with γ1 = 100 and γ2 = 100, whereas the less effective results occur with both parame-
ters at γ1 = 25 and γ2 = 25.
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Figure 11: Accuracy graph for Example 5.2.

Figure 12: Efficiency graph for Example 5.2.
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Table 3: Numerical results for Example 5.3.

h Method γ1 γ2 MAXE AVE TIME
10−1 BBDF - - 5.67155e-002 2.76304e-002 0.000050

CBBDF(4) 25 25 9.43237e-004 4.71699e-004 0.000819
25 50 6.12568e-004 3.06182e-004 0.000790
25 100 4.33220e-004 2.16359e-004 0.000536
50 25 3.07887e-004 1.53812e-004 0.000361
50 50 8.35866e-005 4.15285e-005 0.000735
50 100 6.32076e-005 3.19863e-005 0.000901
100 25 5.99303e-005 3.03339e-005 0.000465
100 50 1.79064e-004 8.99767e-005 0.001121
100 100 2.84666e-004 1.42859e-004 0.000627

10−3 BBDF - - 7.34012e-004 3.98453e-004 0.008055
CBBDF(4) 25 25 1.57957e-005 8.57659e-006 0.016035

25 50 1.25887e-005 6.83530e-006 0.014053
25 100 1.08005e-005 5.86435e-006 0.037922
50 25 9.19042e-006 4.99015e-006 0.013366
50 50 7.06939e-006 3.83850e-006 0.022335
50 100 5.65018e-006 3.06790e-006 0.039168
100 25 5.43077e-006 2.94877e-006 0.024846
100 50 4.32086e-006 2.34612e-006 0.040475
100 100 3.32443e-006 1.80509e-006 0.035614

10−5 BBDF - - 7.35741e-006 3.99787e-006 0.459211
CBBDF(4) 25 25 1.58607e-007 8.61837e-008 1.856961

25 50 1.26542e-007 6.87598e-008 1.517058
25 100 1.08656e-007 5.90415e-008 1.770600
50 25 9.25212e-008 5.02737e-008 1.948932
50 50 7.13211e-008 3.87537e-008 1.701128
50 100 5.71325e-008 3.10447e-008 1.554695
100 25 5.49136e-008 2.98388e-008 1.748470
100 50 4.38209e-008 2.38114e-008 2.089290
100 100 3.38616e-008 1.84001e-008 1.688755

In Table 3, for a step size of h = 10−1, the parameters that yield a reduced maximum error are
found to be γ1 = 100 and γ2 = 25. The larger maximum error is recorded with both parameters
at their lower values of γ1 = 25 and γ2 = 25. When analyzing a smaller step size of h = 10−3,
the more accurate results emerge with both parameters set to γ1 = 100 and γ2 = 100. Again,
the less accurate configuration is seen with both parameters at their lower values of γ1 = 25 and
γ2 = 25. At an even finer resolution of h = 10−5, leading performance is maintained at the same
parameter values of γ1 = 100 and γ2 = 100, contrasting with the weaker performance noted at
lower parameter values.
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Figure 13: Accuracy graph for Example 5.3.

Figure 14: Efficiency graph for Example 5.3.
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Table 4: Numerical results for Example 5.4.

h Method γ1 γ2 MAXE AVE TIME
10−1 BBDF - - 5.63179e-001 1.52583e-001 0.000029

CBBDF(4) 25 25 9.40590e-003 2.61411e-003 0.000285
25 50 6.13197e-003 1.70338e-003 0.000392
25 100 4.35578e-003 1.20900e-003 0.000381
50 25 3.11076e-003 8.63712e-004 0.000293
50 50 8.90524e-004 2.46040e-004 0.000399
50 100 5.62826e-004 1.58451e-004 0.000376
100 25 5.32950e-004 1.50074e-004 0.000431
100 50 1.71202e-003 4.78121e-004 0.000418
100 100 2.75730e-003 7.69018e-004 0.000474

10−3 BBDF - - 7.26689e-003 2.19146e-003 0.002554
CBBDF(4) 25 25 1.56384e-004 4.71713e-005 0.009169

25 50 1.24635e-004 3.75946e-005 0.010456
25 100 1.06931e-004 3.22546e-005 0.009204
50 25 9.09913e-005 2.74466e-005 0.009283
50 50 6.99932e-005 2.11128e-005 0.009246
50 100 5.59431e-005 1.68747e-005 0.009089
100 25 5.37707e-005 1.62194e-005 0.009191
100 50 4.27827e-005 1.29050e-005 0.009114
100 100 3.29180e-005 9.92943e-006 0.009223

10−5 BBDF - - 7.28384e-005 2.19872e-005 0.245668
CBBDF(4) 25 25 1.57021e-006 4.73988e-007 0.911100

25 50 1.25276e-006 3.78161e-007 0.908632
25 100 1.07570e-006 3.24713e-007 0.924102
50 25 9.15961e-007 2.76492e-007 0.950025
50 50 7.06079e-007 2.13135e-007 0.935472
50 100 5.65613e-007 1.70738e-007 0.926682
100 25 5.43645e-007 1.64106e-007 0.925899
100 50 4.33828e-007 1.30957e-007 0.967707
100 100 3.35231e-007 1.01196e-007 0.920733

Turning to Table 4, consistent results are observed. With a step size of h = 10−1, the config-
uration that minimizes maximum error is again identified as γ1 = 100 and γ2 = 25. The larger
maximum error is noted to persist at the same parameter settings of both values at their lower lev-
els: γ1 = 25 and γ2 = 25. As the step size is decreased to h = 10−3, improved accuracy is achieved
with parameters set to both values at γ1 = 100 and γ2 = 100. Once more, the less favorable re-
sults are observed with both parameters at their lower values of γ1 = 25 and γ2 = 25. This trend
continues at a step size of h = 10−5, where better performance is noted to remain unchanged at
parameters of γ1 = 100 and γ2 = 100, contrasting with the less favorable performance observed at
lower parameter values.
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Figure 15: Accuracy graph for Example 5.4.

Figure 16: Efficiency graph for Example 5.4.

Overall, CBBDF(4) consistently outperforms the existing method, BBDF, across various step
sizes, indicating its robustness and reliability in minimizing maximum error. For larger step sizes,
h = 10−1, parameter values that better minimize maximum error are often found to be γ1 = 25
and γ2 = 100. As the step size decreases to h = 10−3 and h = 10−5, the configurations tend to
shift, with γ1 = 100 and γ2 = 100 emerging as the more effective settings for achieving improved
accuracy.

From the analysis of Examples 5.1 and 5.2, it is evident that the proposed method, CBBDF(4),
achieves better numerical results with reduced maximum errors, even when employing larger
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step sizes. In contrast, the traditional BBDF method requires smaller step sizes to ensure com-
parable accuracy. Specifically, for highly stiff problems, the BBDF method struggles to maintain
acceptable accuracy levels, necessitating significantly reduced step sizes compared to those used
by CBBDF(4). Notably, CBBDF(4) is capable of effectively addressing both mildly and highly stiff
problems, a task that the conventional BBDF method often fails to accomplish.

In reviewing Tables 1 to 4, it is clear that the newly developed method, CBBDF(4), requires a
slightly longer computation time compared to the existing BBDF method, particularly as the step
size decreases. However, there are instances where the computational time for CBBDF(4) is less
than or comparable to that of BBDF. For example, in Table 1, using a step size of h = 10−1, the
computational time for CBBDF(4) across all parameter values is less than that for BBDF. This ad-
vantage may arise because BBDF struggles to obtain numerical results for highly stiff problems
when using larger step sizes. The overall increase in computational time for CBBDF(4) can be at-
tributed to two main factors. First, the CBBDF(4) method involves additional calculations during
the intermediate steps of Stage 1 before progressing to the next stage, significantly contributing to
the overall computation time. Second, each iteration of the CBBDF(4) method necessitates com-
putations for both Stage 1 and Stage 2. In contrast, the BBDF method utilizes an external startup
computation with the Euler method at the beginning and then employs the BBDF method for
each iteration. In summary, while CBBDF(4) demonstrates improved accuracy and performance,
its computational demands are slightly higher due to the complexity of its iterative process and
the requirement for additional calculations at each step.

6 Conclusion

This study introduces a self-starting three-stage composite block scheme based on the BDF
method, which has been shown to be fourth-order accurate, convergent, and A−stable. In con-
clusion, the proposed method outperforms the existing BBDF method and achieves better nu-
merical results with reduced maximum error, especially when using larger step sizes. Therefore,
CBBDF(4) can serve as a valuable alternative solver for stiff IVPs of ODEs. For future research,
CBBDF(4) could be applied to other models such as the electromagnetic transient in power sys-
tems to demonstrate its applicability in solving real-world problems.
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